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Abstract This report offers a chronological review of the
most relevant applications of information theory in the cod-
ification of chemical structure information, through the so-
called information indices. Basically, these are derived from
the analysis of the statistical patterns of molecular structure
representations, which include primitive global chemical for-
mulae, chemical graphs, or matrix representations. Finally,
new approaches that attempt to go “back to the roots” of
information theory, in order to integrate other information-
theoretic measures in chemical structure coding are dis-
cussed.
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Introduction
Historical background on information theory

In the life of the legends of science, there is that maniiscriptus
(manuscript), or more precisely, that theory, that perhaps
without a peek into the full magnitude of its impact, forever
immortalizes their contributions to science and engenders
scientific revolutions that affect all walks of life. Such could
be said of Claude Elwood Shannon’s landmark paper pub-
lished by The Bell System Technical Journal in 1948, entitled
“A mathematical theory of communication” [1]. From quo-
tidian applications like mobile phones, internet, music and
video players to more sophisticated systems like deep-space
probes, and in an impressively diverse range of disciplines
like linguistics, sociology, taxonomy, psychology, molecular
biology, economics, statistical physics, neurobiology, ecol-
ogy, thermal physics, quantum computing, the list is endless;
information theory, as denominated later, has proved to be
of monumental importance [2—13]. Yet, in a way it is sad
that when Shannon passed away in 2001, he was virtually
unknown to many people, probably because the most remark-
able benefits of information theory are reaped decades after
its introduction.

Definitely, it is natural to wonder what really makes infor-
mation theory so important or applicable to such diverse
fields of science. A search for an overly complex mathemat-
ical explanation may turn out to be frustrating. It is rather the
simplicity in Shannon’s inferences that awards his theory the
elegance and intuitive applicability. Shannon suggests that by
determining the ultimate limits of optimal communication,
it is actually possible to achieve asymptotically error-free
communication schemes, influenced by three important fac-
tors: (a) statistical knowledge of the information source, (b)
the effect of noise in a communication channel, and (c) the
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nature of the final destination. These theoretical limits are
the source entropy and channel capacity as the lower and
upper bounds, respectively. Certainly, the choice of the term
entropy is rather unanticipated. A legend relates that Shannon
chose the word entropy as a suggestion from von Neumann
that, “call it entropy. No one knows what entropy is, so if you
call it that you will win any argument” [14]. Interestingly, the
existence of a parallel relationship between entropy formu-
lations in the statistical mechanics and information-theoretic
sense, according to Boltzmann and Shannon, respectively,
has been demonstrated [10, 15]. More than elucidating the
similarity between these expressions, it has been clarified
that the most accurate interpretation of classical thermody-
namics entropy should be in terms of Shannon’s measure
of information, rather than as a measure of disorder. While
the former is true for all thermodynamic processes, there are
processes where the order-disorder interpretation does not
hold [16].

In applications of information theory in other disciplines,
interest has been placed on the analysis of the statistical struc-
ture (pattern) of information sources, in generic terms [2—11].
The justification for this paradigm is that common principles
underlie the universe as the overall source of information.

Information theory in molecular structure characterization

This article offers a review of perhaps one of the least cele-
brated applications of information theory: theoretical charac-
terization of molecular structures (as an information source)
in mathematical chemistry, through the so-called information
indices [17-20]. These are a subset within the universe of
molecular structure characterizing parameters, collectively
denominated molecular descriptors (MDs). For a compre-
hensive treatise of MDs, see ref [21]. Several reports could
be mentioned in the literature that attempt to summarize the
most relevant aspects of the IFIs defined so far [17-20].
However, no attempt is made to go backward and forward
through information theory and its naturally related ideas, so
as to reap the interesting analogies applicable to molecular
structures. As a result there is a temptation to the inclina-
tion for regarding IFIs as “graph invariants that view the
molecular graph as a source of different probability dis-
tributions to which information theory definitions can be
applied” [21]. Note that “information theory definitions” is
in reference to Shannon’s entropy formula (see Eq. 1) and
mathematical variants derived thereof. Of course, this state-
ment is not improper, but leaves some unanswered questions,
for example, what the conceptual constraints of its applica-
tion are, or even the implication of the obtained result in
information theoretic terms. Such interrogatives require a
brief passage to the “place” where it all begun, i.e., digital
communication.

@ Springer

In this report an attempt is made to go back to the roots,
and guide the readers through this exciting journey of the
application of information theory in mathematical chem-
istry, certainly placing emphasis only on the aspects that
are crucial to this context. Before that we will give a brief
chronological outline of the IFIs defined so far, stratified
according to the nature of the considered information source.
Finally, novel insights toward molecular structure codifica-
tion, derived from a purely information-theoretic understand-
ing, are discussed (Figure 1).

Statistical patterns in chemical structure
representations

In Chemistry, several approaches are used in the represen-
tation of molecular structures, and different classification
schemes may be adapted for these representations, with the
most common one being the dimensionality. Molecular rep-
resentations are approximations (alphanumeric, topological,
geometric, etc.) that attempt to describe chemical reality, and
range from simple chemical formula to more complex mod-
els like 4D structural representations [21,22].

The ensuing IFIs a result of the analysis of the statistical
structure of these models, using a quantity that measures how
much “choice” or uncertainty is involved in the random selec-
tion of an event in a given model. This quantity is known as

Shannon’s entropy or entropy of information and is defined
by:

n
H==2"pi-logpi e))

i=1

For brevity, in what follows the term entropy will be used.
We will now discuss the different models as sources of chem-
ical information, quantified as source entropy.

Note that the analysis of nuclei structure models as chemi-
cal information sources is beyond the scope of this report and
will not be covered, see refs [23-26] for discussions in this
context. Information-theoretic measures have also been used
in the interpretation of electronic structure phenomena in the
Hirshfeld partitioning scheme. Discussions in this context
could be found in refs [27-30].

Chemical formula (0D molecular structure representation)

This constitutes the simplest molecular structure representa-
tion comprised of alphanumeric codes with the letters repre-
senting the different atom types, each accompanied by a num-
ber (subscript) representing the incidence of the atoms in the
molecule. In fact, the first information index, defined in 1953
by Dancoff and Quastler [31], was derived from the analysis
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Fig. 1 Chronological description of the most relevant IFI definitions, structured according to the different information sources. Note that some IFI
definitions involved various stages of development. In this case, only the pioneering definitions are included

of the statistical structure of this primitive representation as
the information on the types of atoms in a molecule, thereby
creating an ideal hierarchy in the chronological development
of IFIs. Accordingly, atoms of the same chemical element are
clustered together and their probabilities calculated, forming
a probability distribution function (p.d.f). Applying Eq. 1
to this p.d.f gives the information index on chemical compo-
sition, which is a measure of the compound compositional
diversity.

Chemical graphs as an information source

The use of graphs to represent molecular structures dates way
back to the 19th century with the seminal work of Arthur
Cayley in which he attempts to enumerate alkane isomers
[32]. Other early contributions to chemical graph theory are
attributed to James J. Sylvester and Crum-Brown, see ref [33]
for a detailed treatise. A chemical graph has been defined
as a model of the chemical system used to characterize the
interactions between chemical objects (atoms, bonds, groups
of atoms, molecules, ensembles of molecules, etc), see ref

[20]. Evidently, graphs as approximations of chemical reality
are expected to contain important structural information (see
Fig. 1) [22,34-36].

Pioneering work to analyze the possible statistical patterns
of molecular graphs in topological terms was performed by
Rashevsky in 1955, using the vertex valence degree as cri-
terion for topological homogeneity [37]. It follows that, two
vertices are equivalent if at (graph) distance k from each ver-
tex, where 1 < k < n, there exists vertices of equal valence
vertex degree (). Thus topologically equivalent vertices are
members of equivalent class g; for i € {1,....m|m <n}
from which the graph entropy, denominated the fopological
information content index, is computed.

Trucco, a year later gives a more accurate definition for
this index based on the notion of automorphism graphs and
orbits [38,39], which he denominates the vertex orbital infor-
mation indices. It follows that vertices belong to the same
equivalence class if permutations on this class are structure
preserving, i.e., they belong to the same vertex orbit of the
automorphism group. This notion was extended to consider
edge orbits, defining the edge orbital information indices.
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Yet more complex considerations in this line-treated sub-
graph orbits as a generalization of edge orbits. This is dis-
cussed in a little later so as to maintain a proper chronological
order, see Bertz Index (see Fig. 1).

Graph complexity is further studied by Mowshowitz, for-
malizing mathematical definitions of relative complexity of
graphs [40]. He discusses an entropy measure based on
decompositions corresponding to a class of graph homomor-
phisms (information content of a structure relative to a sys-
tem of symmetry transformations that preserve the system’s
invariance). In ref [41], he introduces an index for the chro-
matic information content, 1. (G) of a graph G defined as
the minimum entropy over all finite probability schemes con-
structed from chromatic decompositions having rank equal
to the chromatic number of G.

Toward the end of the 1960s, there is significant shift of
interest among theoretical chemists from the direct analysis
of structural graphs to the use of matrix theory and algebraic
methods on graphs to characterize molecular structures. The
use of matrix representations as a source of information will
be discussed later (see Fig. 1).

However, a few years later, interest in molecular graphs as
a source of information is revived. In ref [42], Bonchev et al.
introduce the molecular symmetry index based on the distri-
bution of atoms in different classes of symmetry in a mole-
cule. Each class of symmetry includes atoms able to exchange
position through operations of the symmetry point group to
which the molecule belongs. This molecular symmetry index
complements the orbital information index, in accounting
for specific molecular geometry and conformations. Using
the so-called orbits on the automorphism group of graph
connections as criterion for equivalence, Bertz proposes a
more complex definition of orbital information indices (IFIs)
considering adjacent edges, multiple edges, and loops [43],
denominated as the connection orbital information content
or Bertz index. This index yields a more detailed descrip-
tion of the molecular structure than previous similar indices.
In ref [44], mention is made on the possibility of using more
complex subgraphs but without further comment (see Fig. 1).

Motivated by the notion of Hosoya’s graph decomposi-
tion [45], Bonchev and Trinajsti¢ [46] define mean and total
information content, denoted by I z and Iz, respectively, to
analyze the statistical nature of k-matchings of a molecular
graph, where the cardinality of the equivalence class ¢y, is
equal to the non-adjacent number p(G, k) expressed as the
number of ways of choosing k disjoint lines from a given
graph G. Note that in the case of acyclic graphs, I and I
are equivalent to the IFIs on polynomial coefficients.

In a series of reports with the first in 1979, Basak et al.
“redefine” the index for orbital information content, to cod-
ify molecular complexity for hydrogen-filled multigraphs,
through the so-called indices of neighborhood symmetry
[47-52]. It follows that two vertices v; and v; of a multigraph
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MG are said to belong to equivalence set of kth order topo-
logical homogeneity if they satisfy the following conditions:
(1) are of the same chemical element, (2) possess the equal
vertex degrees, (3) the same conventional bond order, and (4)
the same atomic neighborhood up to the kth order. Note that
in the case of graph vertices of the same chemical element,
the neighborhood information content of maximal order cal-
culated for the H-depleted molecular graph coincides with
orbital information content. Other related indices are: struc-
tural information content (SIC), bonding information content
(BIC), complimentary information content (CIC), and redun-
dant information content (RIC). This methodology has been
widely used in QSAR and QSPR studies with relevant results
(see Fig. 1) [47-49,51,52].

Information theoretic measures for the statistical distribu-
tion of vertices with respect to the graph center, collectively
denominated centric information indices, were proposed by
Balaban [53,54] and Bonchev [19,55,56], in order to quan-
tify the “clustering” tendency of the vertices (or edges) about
the graph center (or polycenter). An all-inclusive hierarchical
algorithm for the identification the graph center was also pro-
posed by these authors, achieving plausible discrimination of
graph vertices (or edges), see ref [55].

The information bond index for a molecule, as proposed
by Dosmorov [57], is computed as the total information con-
tent with respect to the conventional bond order, i.e., single,
double, triple, and aromatic bonds (see Fig. 1).

Recently Dehmer et al. [58—61] have proposed atom-based
IFIs on the complete topological neighborhood of each vertex
in G, using information functional approach on the j-sphere
cardinalities of a graph. A measure for local entropy of G
using the information functional has also been defined, see
ref [18].

A peculiar information-theoretic measure derived directly
from the topology of the molecular graph is proposed in ref
[62] where Shannon’s entropy is computed over the statistical
distribution of atom-centered feature pairs at different paths
lengths. A set of entropic values for the distribution of all the
atom-centered feature pairs in a molecule forms the corre-
sponding molecular profile, denominated the SHED profile
(see Fig. 1).

Matrix representations as an information source

Matrix representations constitute probably the most impor-
tant source of MDs, in general. Although the use of matrices
in graph theory dates way back to 1900, with the seminal
work of Poincaré on incidence matrices [63], it is not until
1970s that interest develops in the use matrix representa-
tions for chemical graphs. This is mainly attributed to the
pioneering work by Harary [64] in 1969 and Hosoya [45] in
1971 on the use of the distance matrices in chemical graphs
theory (CGT), which opened way to the definition of an
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impressively wide collection of graph-theoretic matrix rep-
resentations. The introduction of the distance matrix in CGT,
permitted to give a matrix-based understanding of even the
first known topological index, the Wiener index. A compre-
hensive monograph of matrices used in CGT is provided by
Janezic et al., see ref [65].

Matrix representations, viewed as an information source,
have permitted defining numerous IFIs, through the analy-
sis of matrix statistical patterns. The IFIs on the vertex dis-
tance matrix, proposed by Bonchev and Trinajsti¢ in 1977,
were the first IFIs derived from the analysis of the statistical
structure of graph theoretic matrices [46]. Other graph theo-
retic matrices that were later used as an important source of
IFIs are: vertex- and edge- adjacency matrices, edge-distance
matrices, and vertex- and edge-cycle incidence matrices (see
Fig. 1).

Whole molecule information indices

Generally, the computation of these IFIs constitutes the
analysis of the statistical pattern of the matrix elements. Tak-
ing into consideration that practically the same formalism is
followed for all matrix representations in the definition of
matrix-based IFIs, we will only take as an example the dis-
tance matrix, following the original definitions proposed by
Bonchev and Trinajsti¢ [46].

Let wu(gi), denote the cardinality of set g of homoge-
nous elements i (equivalence class (g;) where 1 < i <
p(G), p(G) is the diameter of G. Two criteria have been
followed in the definition of the equivalence classes, that is,
equality and magnitude.

Equality criterion

Corollary Matrix entries belong to an equivalence class if
theirvalues are equal. Using the equality criterion, two infor-
mation measures are defined, total information content on
the distance equality and mean information content on the
distance equality, expressed by Egs. 2 and 3, respectively:

N(N—1) N(N-1)
15 = 5 logy —
p(G)
— D n(g) logy pu(gi) )
i=1
p(G)
E 2 (g, 2/1(gi)
b= Z NN—D 2NN-1) )

Let G denote a connected graph with a finite set of vertices
V. The topological distance d;; the length of the shortest
path that connects vertices v; and v; of G [66]. Taking the
graph in Fig. 2a as an example, Matrix D is the distance

5 1 3

Fig. 2 a Branched tree graph, b The labeled chemical graph of the
molecule of Isopentane (the numbers correspond to the labels that are
assigned to the non-hydrogen atoms (vertices) in the molecular struc-
ture)

matrix corresponding to this G (see Fig. 1).

01 22 3 3 47
1011223
2102334
D=|2120112
3231023
3231201
(4342310,

For simplicity, only elements of the upper triangle subma-
trix are considered in the computation of the IFIs of distances,
thanks to the symmetrical nature of D. Note also that the ele-
ments in the principal diagonal (zeros) are not considered
since they do not offer any structural information.

The matrix entries are partitioned (distributed) in equiva-
lence classes and their respective cardinalities obtained:

n(g) =6; (g =7 n(gs) =06 u(gs) =2.

Now let’s apply Eqgs. 2 and 3: Ig = 39.568 bits, I_g =
1.884 bits per element

Magnitude criterion

The high degeneracy of the equivalence-class-based IFIs,
as they were denominated by Bonchev and Trinajsti¢ [46],
prompted them to devise means of reformulating these IFIs
to increase their discriminating power, and thus applicability
in QSAR studies. This incentive yielded a new class of IFIs,
the magnitude-based IFIs (see Fig. 1) [20,46].

Corollary An element is considered as an equivalence class
whose cardinality is equal to the magnitude of the element
[19,21].

As in the case of the equivalence criterion, the magnitude
criterion yields two information measures : fotal information
content on the distance magnitude and mean information
content on the distance magnitude, expressed by Eqgs. 4 and
5:
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A(G)
I} = Wlog, W — D" u(t) = ilogyi )
i=1
W@ i i
Iy = - Zl ut) 3 ogs . ®)
1=

where W is the Wiener’s number (the total sum of vertex—
vertex distances in the graph or half-sum of all the elements
d;; of the distance matrix) [21,67].

Further applications of information theory on the vertex
distance matrix dealt with the analysis of the statistical pat-
tern of vertex distance degrees o; according to the equality
and magnitude criteria, respectively, see paper by Skoroboga-
tov et al. (see Fig. 1) [68].

A special kind of distance matrix is the molecular influ-
ence (leverage) matrix, derived from the spatial coordinates
of atoms in a given molecular conformation. Using this
matrix representation, Consonni et al. proposed the GET-
AWAY IFIs [69,70].

Information indices as local vertex invariants (LOVIs)

Based on the rationale that some chemical and biological
properties do not depend on the whole molecular skeleton
but rather specific features (e.g., functional groups) within a
molecule, the late seventies are characterizing by increasing
interest placed on obtaining MDs defined at atomic or sub-
structure level, in some sort of “bottom-up” approach, with
the most successful locally defined indices being the electro-
topological indices proposed by Kier and Hall [71]. The IFIs
would definitely not lurk behind.

A series of information-theoretic local vertex invariants
(LOVIs) and their respective molecular graph invariants on
the distance matrix are proposed through a concerted effort
of various authors, with important contributions from Ray-
chaudhury et al., Klopman, Balaban, Ivanciuc, and most
recently, Kostantinova et al. [50,72-78]. Therefore, instead
of partitioning the matrix elements, or the vertex degrees in
equivalence sets according to their homogeneity, an analysis
of the statistical arrangement of vertices with respect to a
reference point, i.e., vertex v; € V is performed. Bearing in
mind that some of these measures are related, only the key
notions will be explained, and the corresponding variants will
be simply mentioned (see Fig. 1).

Using the equality criterion, the vertex complexity index
(vf) was defined as:

Ti m m
. n(gi) n(gi)
o= =2 lom —

m=0

. (6)

where " u(g;) is the cardinality of the equivalence set of
distances from vertex v; equal to m, ) is the atom eccentricity,
and N is the number of graph vertices [50].
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The magnitude criterion analog of the vertex complexity
index, denominated the vertex distance complexity, ﬁlfi , Oor
mean local information on distances, u; was also defined:

f)ld =u;, = Hp) = — Zml/v(gz)_]()gz
m=1
dij dij
S g, % )
= Oj Oj

where " 1 (g;) is the cardinality of the equivalence set of
distances from vertex v; equal to m, o; is ith vertex distance
degree. Derivations of the vertex distance complexity index
include: normalized vertex distance complexity and the rel-
ative vertex distance complexity (v;), see refs [50,72-75].
Other closely related measures are the information content
on vertex distance magnitudes, unfortunately denominated
the “mean” extended local information on distances (y;) and
the extended local information on distances (x;), computed
as the total information content on vertex distances from ver-
tex v; € V [74,75].

Several mathematical operators have been applied to
obtain the respective global (molecular) graph invariants.
Konstantinova and Paleev in ref [ 76] use the summation oper-
ator on a vector of LOVIs H = [H(p);|1 <i < N], where
N is the number of vertices in the G, to obtain the informa-
tion distance index (Hp). Note that the summation operator
was originally proposed by Raychaudhury et al. [50] on v}
and 5;1, yielding the graph vertex complexity and graph dis-
tance complexity indices, respectively. Their difference with
respect to Hp lies in the use of normalizing factors in their
computation (see Fig. 1).

Later on Ivancuic and the Balabans [74,75,77], propose
probably the most relevant global information-theoretic oper-
ators, namely: U, V, X, and Y indices, for the corresponding
locally defined measures on the vertex distance matrix, i.e.,
u;, v;i, x;, and y;, respectively. Expressions of these oper-
ators on LOVIs derived from vertex distances are given by
Eqgs. 8-11:

B A-1 A
U=——-"> > aj @ uy'? ®)
C+1 i=1 j=i+1
B A-1 A
V=—— z ajj - (v; - v.,')*l/2 )
¢ + 1 i=1 j=i+l1
B A-1 A
X=—— > (xioxp)”? (10)
c+1 i=1 j=i+1
— A
Y = Z Z i)V (11)
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where q;; are the elements of the adjacency matrix, B the
number of edges, and C the cyclomatic number. Examples of
QSPR evaluations successfully performed with these indices
could be found inrefs [77,79,80]. Note that these information
theoretic operators have been generalized to attain applica-
bility for all graph-theoretic matrices, see refs [81,82].

There exist other entropic measures, such as electronic
delocalization entropy proposed in ref [83], though strictly
speaking, they are not information-theoretic measures. It is
thus not surprising that these descriptors are not considered
as IFIs in ref [21] (see Fig. 1).

Back to information theory: new trends in information
indices

In this section, we attempt to trace the origins of information
theory, discussing its fundamental concepts (or results) in a
simplified and understandable manner, with the aim of com-
prehending the allure of this theory and discover possible
analogies applicable to chemical structures, as communica-
tion systems.

Statistical patterns and source coding

Consider, as an entropy source, a natural English text
retrieved from the NewYork Times (see Fig. 3a). This text
is comprised of a set of words which belong to the universal
collection of words referred to as a dictionary. On average,
irrespective of the context of the text, there are alphabetical
characters that tend to appear more frequently than others. In
other words, in an English text, the characters are not com-
pletely random, but rather there exists a statistical structure,
in that the probability of appearance of some characters is
higher than others.

If we need to store this text, or to transmit this message to
arecipient, then it is desirable that we are able to encode this
text in the smallest possible bits or size (i.e., data compres-

sion) so that it occupies smaller space on a storage disk, or
to enable faster and reliable transmission, and when decoded
(decompression) the original text is retrieved without loss of
information [14,84,85].

This inference brings us to Shannon’s source coding the-
orem (SCT). In source coding, it is known that through
appropriate choice of variable-length codes [14,84,85], with
highly probable symbols (or words) assigned short code-
words and low probability ones longer codewords, low
weighted average codeword length could be achieved (see
illustration in Fig. 3b and 3c). Note that this selection of
the codes should be such that these are uniquely decodable,
that is, the codewords should be prefix-free. However, one
logical question arises: “What is the smallest average code-
word length (Lnn), achievable for a given symbol origi-
nator (input source)?” The SCT establishes that this theo-
retical lower bound is in fact given by the source entropy,
H, obtained directly from the statistical structure of the
message.

Given a source A describing particular event with a set
of symbols {aj...a,} and a p.d.f. p(a) = {p1...ps}. the
entropy for this source, H(A), is given by Eq. (1).

On the other hand, the expected codeword length /; of the
coded source symbols, L(A), is defined as:

LA ==>pi - L (12)

i=1

where p; represents the probability associated to symbol a;.

It follows that H(A) < L(A). In the case where the
expected code word length matches the source entropy, it
is said that the code is optimal [14,84,85].

In the illustration in Fig. 2, the source entropy, H(A)
and the weighted average codeword length L(A) are 4.031
and 4.304 bits, respectively; thus H(A) < L(A). Evidently,
adapted coding scheme in this example is not necessarily
the most optimal one. There exist coding algorithms that
yield closer approximations to the theoretical bound of the

A B C
Heart-Attack Test Rules Out A-0.127 H-0.044 B-0.011 A-001 H-00001 B-1010000
FalseAla_rm's E-0.122 C-0.044 F-0.011 E-011 C-11000 F-1010101
By KATE YANDEIL T-0.105 D-0039 G-0011 T- 0001 D-11100  G-1010110
A new test can discem in under an N-0088 0-0033 M-0011| oruei| N-1000 0-11101 M-0011001
hour whether a patientis having a 1-0072 U-0.033 P-0.011 1-0101 U-11110 P - 0010000
heart attack, according to a study R-0061 K-0022 V-0011 R- 1001 K-110100 V-0010010
published onlinelast week in $-0.061 W-0.017 S.1011 W-110111
Archives of Internal Medidne. L-0.050 Y-0017 L - 00000 Y -110010

New York Times, August 20, 2012 n n
\_/F S S L=-gmili
H=4.031 bits L= 4304 bits

Fig. 3 Tllustration of computation of source entropy and average codeword length using variable-length codes
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Fig. 4 Schematic diagram of a Encoder Decoder
communication system with a Channel
noisy channel o _.(:0_, >
Source Originator ~ Transmitter Receiver Destination
Noise, Distortion
expected codeword length, for discussions about optimal
source coding, see refs [14,84,85]. HX.Y) | HX) H(Y)

In the illustration above, the words were considered to
be comprised independent alphabetical characters. However
in a normal text, character concatenations are not a sheer
coincidence, that is, some sequences are more probable than
others. For example in the English language, diagrams like
TH, HE, or AN are more frequent than let’s say XP, KZ, WZ,
etc. This analysis could be extended to consider more com-
plex concatenations such as trigrams, words, or even phrases.
Here the point is to assign the shortest codewords to the most
frequent n-grams and the longest codewords to the less fre-
quently used ones. This inference stirred interest in use of
the so-called block codes to achieve better data compres-
sions (i.e., reductions in the mean bit/codeword), and thus
faster transmissions [86,87]. Two probability schemes could
be explored to describe the statistical structure of an infor-
mation source of this nature: (1) The transition (or condi-
tional) probabilities for n-gram sequences, and (2) The joint
probabilities for n-gram structures, i.e., considering relative
frequencies of character concatenations.

Channel-coding theorem

We will now discuss some aspects of channel coding placing
emphasis on the ones that will be crucial in posterior stages.
Consider that when this text, that we shall for convenience
call, text X is transmitted along a communication channel,
and text Y is received at the destination. The fundamental
question is if the message that was sent from the source is
identical to the one received at the other end. Two extreme
cases do exist:

(1) Text X identical to text Y (noiseless channel): This means
that text X did not undergo any distortions, along the
communication channel in the sense that no part of this
information was lost or altered. This means that p(x, y) =
p(x), and thus the entropy of Y, H(Y) is a deterministic
function of H (X).

(2) Text Y is independent of text X(useless channel): In
this case, it does not matter what text is sent from the
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Fig. 5 Venn diagram illustration for the different entropy measures
calculable for a noisy channel

source, text Y will be indifferent. This means that p (x,y)
= p(x)p(y).

In between these extremums, there are messages that will
be transmitted with some degree of distortion probably due
to noise, or some kind of physical distortion. Such trans-
missions are characteristic of noisy channels. Figure 4 is a
schematic diagram of a communication system containing a
noisy channel.

Here, two statistical processes are involved: the source
and the noise. Several entropy measures could be calculated:
the source (input) entropy, H (X), the entropy of the received
message (output), H(Y), the joint entropy of input and out-
put, H (X, Y), and finally two conditional entropies H (Y / X)
or H (X/Y), the entropy of the output when the input is
known or conversely, see Fig. 5 for Venn diagram illustration.

The entropic measures H (X, Y) and H (Y / X) are defined
according to:

H(y/x)==>> p(x,y)log p(y/x) (13)
x oy

H(x,y) == > px, y)logp(x, y). (14)
X y

Note that,

H(x,y) < H(x)+H(y) (15)
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with equality only when p (x,y) = p(x)p(y), i.e., in the case
of independent sources.
It is easily verified from set’s theorem (see Fig. 5) that,

H(x,y)=Hx) +H(/x). (16)

From Eqgs. 15 and 16, it is evident that H(y) > H(y/x).
This means that conditioning never increases the entropy of
an event.

The key interest in this case is whether we are able to
transmit a message over a noisy channel with a vanishing
error probability, achieving satisfactory approximations to
the original message. A measure of the correlation between
X and Y, denominated mutual information (MI), helps deter-
mine the amount of “additional” information to be introduced
to correct the message errors. It is logical, however, that to
determine MI, knowledge about the uncertainty (entropy)
introduced by the channel noise, conveniently called equiv-
ocation is necessary. This equivocation is the conditional
entropy H(Y/X), that is, the uncertainty of Ygiven the
knowledge of X. Subtracting the conditional entropy from
the outputentropy H (Y), yields the MI, denoted by H (X; Y).
Shannon’s channel coding theorem, establishes the upper
limit of “trustworthy” communication along a noisy channel
as the maximum mutual entropy, max H (X; Y), also known
as the channel capacity [14,84,85]. Further information-
theoretic inferences related to transmission along a noisy
channel are beyond the scope of this MS.

A “metric” understanding of MI is proposed by Kull-
back and Leibler [88] as a special case of a more general
quantity-denominated relative entropy or Kullback-Leibler
divergence. The relative entropy, denoted by D(p||q), is the
“distance” between two probability distributions p(x) and
g (x). It could also be understood as a measure of the addi-
tional bits of information necessary to correct the error in
assuming that the probability distribution of a source is g (x)
when in reality is p(x). The D(p||q) is given by the formula:

p(x)
q(x)

D(pllg)= Zp(x)log

xeX

7)

In preceding paragraphs, we discussed two extremums
for channel coding corresponding to the noiseless and use-
less channel, respectively. In the case of a noisy chan-
nel, an approximation to error-free communication requires
a tradeoff between these extremums, in that p(x,y) >
p(x)p(y). This tradeoff is equivalent to the relative entropy
for the two probability distributions p(x, y) and p(x)p(y).
If p(x,y) >>> p(x)p(y), it means that x and y are highly
correlated, while if p(x, y) — p(x)p(y) — 0, x and y are
weakly correlated. This means that relative entropy is in fact
directly related to MI. Thus MI is the measure of the inef-
ficiency in assuming the channel probability distribution of
p(x)p(y) when in reality it is p(x, y). From Eq. 18, we can

thus express MI as:
D (p(x,y) [p(x)q(x)) = H(X;Y)
—ZZp(x ¥ log L)
p)g(x)’

(18)

Note that when p(x,y) = px)p(y), HX;Y) = 0 and

when p(x,y) = p(x), H(X;Y) = H(X)

New insights in information theoretic chemical structure
codification

Source coding theorem in information index computations

Having introduced these concepts and procedure in the pre-
ceding section, ground is provided for their application to
chemical structure codification. Consider as an information
source S a set of subgraphs that describe a molecular struc-
ture. According to ref [21], a molecular subgraph is a sub-
set of atoms and related bonds, which is in itself a valid
graph usually representing molecular fragments and func-
tional groups. The set S is formed following predefined mod-
els, known as events, based on graph-theoretic, physicochem-
ical, or chemical considerations [89]. These events constitute
the semantic context of the information source (or message).

From the illustration in Fig. 3, logical analogies could be
traced. The subgraphs are equivalent to the words in the input
message, with these formed by concatenations of alphabeti-
cal characters, which are the vertices in the former. The idea
in this case is to determine of the chemical source entropy as
a measure of the structural diversity. We will consider as an
illustration the chemical graph of Isopentane (see Fig. 2b). In
arecent publication, various events were proposed as criteria
for generating sets of subgraphs [89].

In this example, the connected subgraphs algorithm will
be exclusively considered. This model is based on the explo-
ration of subgraphs of different orders in a chemical graph.
A treatise on other source originator models can be found in
ref [89].

Accordingly, for G in Fig. 2b, the connected subgraphs
obtained for different orders based on the atomic relations
are:

Order 0: Cq, Cy, C3, Cy, Cs

Order 1: C1—-C,, Cr—C3, C3—-Cy4, Cr—C5

Order 2: C1—Cy—C3, C1-C2—Cs, C;—C3-C4, Cr—C3-Cs
Order 3: C]—CQ—C3—C4, CZ—C3—C4—C5, C]—Cz—C3—C5
Order 4: Cl—CQ—C3—C4—C5

These subgraphs will constitute the information source.
Subsequent source entropy computation is easy (see illustra-
tion in Fig. 6a).

Other molecular structure entropy measures like: negen-
tropy and standardized Shannon’s entropy could be applied
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A
Connected subgraphs of molecular

C1-C2-C3-C4-Cs5 C1 C2-C3-C4 C2-Cs

C2-C3 C1-C2-C3-C4 C4 C1-C2-C3

J

Di
C1-0.167
C2-0.286

2

b
== _121 p;log p;

C3-0.238
Cs-0.143
Cs-0.167

Fig. 6 a Calculation of chemical source entropy for the molecular
graph of Isopentane. The chemical source is a set of connected sub-
graphs (for details see refs [§9-91]); b Graphic illustration of commu-

to the p.d.f obtained for the chemical source in 6a, but these
will not be discussed here as are not classical information
theory measures [21].

Likewise, we may be interested in designating codewords
to source symbols (vertices) using a coding-tree scheme
based on the incidence of vertices (letters) in the subgraphs
(words), forming n-length binary codewords, where n is the
subgraph number (fixed codeword size). Let us consider as
payload the vertex incidences and the subgraphs as overhead
information (describing how to handle payload). In this algo-
rithm, codewords are assigned to vertices according to suc-
cessive choices between 0 and 1 at each branch in the coding-
tree scheme. Given a set of subgraphs, § = {s,|1 < g < s},
generated according to a predefined criterion, the codeword
for v; is sequentially assigned:

I, if v;isincludedinsg, wherel < g < s,
0, otherwise

For the chemical source in Fig. 2, the corresponding fixed
length (17 bit) codewords for the vertices would therefore
be:

C; 11000110000010101
C, 10110110111011101
Cs; 10100011011101101
C4 10100001001000110
Cs 10011010011010000

Certainly, the interest here is not code optimality but rather
dissimilarity of the different vertex codewords, if applica-
ble. Indistinctive (not uniquely decodable) codewords are
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structure of Isopentane C1 11000110000010101
C2 10110110111011101

== C: 10100011011101101 C==—p> Source Code Cs

Cs C1-C2 C1-C2-C3-Cs C3-Cs Ca C4 10100001001000110 Cio
C2-C3-Cs C2-C3-C4-Cs C3 C1-C2-Cs Cs 10011010011010000 Cse

HX-P) =33 pley) log L2552
xy 67467

HX,Y)= —;%Mny)log .y
HE/IX)=H(X,Y)-H(X)

nication along a noisy channel. During the MI, CE, and JE computa-
tions, each input code is matched with the output codes for comparisons
on the degree of similarity among these (see below)

not “penalized” but rather considered informational about
the topological similarity of the compared vertices.

Channel-coding theorem in information index derivations

In a noisy channel, due to signal distortions and/or additive
noise, transmitted data are usually susceptible to errors, in
that if a codeword sequence for vertex vy is sent from a source
originator, then it may not necessarily be the same obtained
at the receiver’s end, but rather one for vertex vy, (see Fig. 6b
for illustration). The MI for vertex codewords for v, and v,
H(X;Y) gives a measure of the true information content at
the receiver’s end.

For vertex codeword pairs (“v,, “vy), mutual frequencies
and subsequent joint probabilities, p(x, y) for 1 bit length
“sequences” are computed. Thus a joint p.d.f P(X,Y) is
formed, where

PX.Y)={px.y):px.)=Ff .y /frix#y A fr

=>" > fumx =y}

x=1y=1

When Eq. 19 is applied to the joint p.d.f P(X,Y), the
molecular M1 index is obtained. Likewise, Eqgs. 14 and 16
are used to calculate the joint and conditional entropy IFIs,
designated by JE and CE, respectively.

This approach could be extended to consider digram or
trigram joint probabilities. We, however, limited ourselves
to 1 bit sequences for simplicity.

It should be remarked that since the zeros in the vertex
codewords do not lie in the context of the source originator
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algorithms (are indicative of nonparticipation of vertices in
subgraphs rather than participation), their mutual frequencies
are not considered.

We will now demonstrate the calculation of the MI, JE,
and CE indices, using as an example the molecular graph of
Isopentane just as in the “Source coding theorem in informa-
tion index computations” Section. Given the computational
advantage offered by matrix-based operations, the mutual
frequencies and their respective joint probabilities are con-
densed in frequency and joint probability matrices, desig-
nated by F and P, respectively:

4
2 8
1
5

N AN W

6
1
8
4

s
I
WA

2
4
05
6
6 4 2

[0.167 0.143
0.143 0.286
P={0.095 0.190
0.048 0.095
| 0.071 0.143

7

0.095
0.190
0.238
0.119
0.095

0.048
0.095
0.119
0.143
0.048

0.071
0.143
0.095
0.048
0.167

Applying Eqgs. 14, and 18 to matrix P, yields: JE (X, Y)
=8.838 bits M1 (X, Y) =5.273 bits

The C E(Y/ X) for G is obtained by substituting the values
for H(X) = JE(X, X) and JE(X, Y) in Eq. 16 and by the
chain rule, CE(Y/X) = 6.087 bits

A generalization of this approach to higher dimensions
based on information coding paradigms for three and four
source communication systems was presented, see ref [91].

In the codification of molecular structure information, it is
desirable that the indices used permit to discriminate isomeric
structures. Consequently, in ref [90], schemes for codifica-
tion of heteroatoms and unsaturated bonds were discussed to
award greater applicability to the proposed approach in the
characterization of molecular diversity. Also generalizations
of the summation operator as the global characterization of
the vertex codeword entropies were discussed [90].

The limits and constraints of information theory

Before we culminate this report, we believe it would be prof-
itable to remind us of the conditions that need to be fulfilled
to rationalize the use of information-theoretic parameters as
uncertainty measures. Right from the years that immediately
preceded Shannon’s coining of information theory, it was
evident that its axioms were not to be confined to digital
communication. A quite similar challenge, though to a lesser
magnitude, existed in other fields as well, i.e., how to mea-
sure the information (or uncertainty) for a source or outcome
of event. Shannon suggested that an ideal measure, which he
denominated entropy (H ), had to necessarily be a function

of the statistical distribution of the elements that comprised
an information source. Three important requirements were
set down [1,14,92]: (1) H should be continuous in p;, with
its maximum value achieved for equally likely events, (2)
H should to be a function of a random variable distribu-
tion function and should not depend on a set of concrete
values of the observed phenomenon, (3) If an event is split
into two consecutive events, then the initial H is given by
the weighted sum of the H value for each event. So follow-
ing the intuition that other than digital signals, information
sources in general did possess statistical patterns, it did not
take long before Shannon’s entropy would be applied to other
fields of science and of course mathematical chemistry was
not left out! Therefore the partitioning of molecular struc-
ture representations into equivalence (distribution) sets on
the basis of predetermined homogeneity criteria opens way
to the use of information theory in the characterization of
molecular information. Generally, molecular IFIs have been
defined using the same scheme, following the computation of
the total information content and mean information content,
using Eqgs. 19 and 20:

G
I(G,w) = NlogN — > n,logn, (19)
g=1
¢ n n
[1(G,w)=—> 2log-%, 20
(G, w) ;N og & (20)

where w is the homogeneity criterion, and n, is the cardinal-
ity of equivalence set g. Note that other information-theoretic
measures for characterizing molecular structures have been
proposed but are essentially variants of Eqs. 19 and 20. In
other words, for almost 60 years attention has been basically
placed on the search of alternative ways of defining homo-
geneity criteria. However, this has dangerously given way
to the tendency to overlook the very principles that justify
the application information-theoretic concepts. For example,
attempts have been made to use information-theoretic mea-
sures as tools to describe information sources at semantic
level, probably due to the feeling of natural proximity of the
term information. Although it is clear that once syntactic data
are transmitted, semantic analysis is necessary in order for
the recipient to profit from its acquisition, attempts to import
information theory tools to describe any information source
should only be at syntactic level. The substantial meaning of
data should be ignored and terms like choice or uncertainty
should be clearly traceable in the adapted algorithm. These
simple rules are usually violated when ratios of physical data
are mistaken for probabilities. A simple illustration in chem-
ical structure codification would be, when no equivalence
criterion of any kind is taken into account and ratios of an
atomic property for each vertex in a G with respect to the cor-
responding molecular property (e.g., atomic mass/molecular
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mass) are considered as “probabilities” to which Eq. 1 is be
applied. Much as such an index would unquestionably codify
some sort of chemical information, and possibly be reason-
ably applicable to QSPR studies, it would be a fallacy to con-
sider such a MD as an information index. We are certainly not
detractors to the use logarithmic functions in the definition
of MDs, but we believe that the “boundaries” of informa-
tion theory are clearly delimited, and conceptual correctness
should not be ignored. Rather than expressing criticism, we
seek to challenge us to be mindful of the attribute of nature,
as an information source, that justifies the use of information
theory in general: the statistical distribution of elements.

Conclusions

In this report, an effort was made to review of the most signif-
icant strategies in information theory-based chemical struc-
ture codification. A typical characteristic of practically all
these strategies (i.e., IFIs) proposed in the literature is that
they only use the expression for Shannon’s entropy or its
variants and thus are limited to the perspective of the chem-
ical structure as an information source rather than system.
In this sense, other information-theoretic measures, recently
introduced in the definition of IFIs are discussed, with the
hope that these will spur new insights toward the chemical
structure.
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