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Abstract We present a mathematical model for the transmission of Trypanosoma
brucei rhodesiense by tsetse vectors to a multi-host population. To control tsetse and
T. b. rhodesiense, a proportion, ψ , of cattle (one of the hosts considered in the model)
is taken to be kept on treatment with insecticides. Analytical expressions are obtained
for the basic reproduction number, R0n in the absence, and RT

0n in the presence of
insecticide-treated cattle (ITC). Stability analysis of the disease-free equilibrium was
carried out for the case when there is one vertebrate host untreated with insecticide.
By considering three vertebrate hosts (cattle, humans and wildlife) the sensitivity
analysis was carried out on the basic reproduction number (RT

03) in the absence and
presence of ITC. The results show that RT

03 is more sensitive to changes in the tsetse
mortality. The model is then used to study the control of tsetse and T. b. rhodesiense in
humans through application insecticides to cattle either over the whole-body or to re-
stricted areas of the body known to be favoured tsetse feeding sites. Numerical results
show that while both ITC strategies result in decreases in tsetse density and in the in-
cidence of T. b. rhodesiense in humans, the restricted application technique results
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in improved cost-effectiveness, providing a cheap, safe, environmentally friendly and
farmer based strategy for the control of vectors and T. b. rhodesiense in humans.

Keywords Trypanosomiasis · Tsetse · Vector control · Insecticide-treated cattle ·
ITC

1 Introduction

African human trypanosomiasis or sleeping sickness is caused by the parasite Try-
panosoma brucei and transmitted by tsetse flies (genus Glossina spp.). The acute
form of trypanosomiasis is caused by T. b. rhodesiense and is restricted to East and
Southern Africa. T. b. gambiense is a chronic disease form of the disease found in
West Africa (Zoller et al. 2008). Human African trypanosomiasis is almost always
fatal if left untreated (Coleman and Welburn 2004; Davis et al. 2011), and during
the clinical disease, patients suffer a variety of debilitating symptoms and sequelae
(Fèvre et al. 2008). Trypanosomes are multi-host parasites capable of infecting a wide
range of domestic and wildlife species, which constitute a reservoir for human infec-
tions. In domesticated animals clinical cases have been detected in cattle, water buf-
falo, sheep, goats, camels, horses, donkeys, alpacas, llamas, pigs, dogs, cats and other
species. In wild animals clinical cases have been detected in bushbuck, duiker, giraffe,
impala, lion, warthog, waterbuck, zebra and other species (Anderson et al. 2011;
Waiswa et al. 2006; Welburn et al. 2006). In most parts of Africa, cattle are the main
species affected, tsetse preferring to feed on them rather than smaller domesticated
animals such as goats and pigs (The Center for Food Security and health 2009).

1.1 Control of Tsetse and Trypanosomiasis

Trypanosomiasis control is based on case finding and treatment, coupled with tsetse
control (Magona and Walubengo 2011). Treatment of livestock in sub-Saharan Africa
with trypanocidal drugs has been hindered by drug resistance (Bourn et al. 2005;
Hargrove et al. 2000) and proves expensive for many farmers. Treatment of human
sleeping sickness is also expensive, normally ranging from US $150 to US $800
per patient, depending on the stage of the infection. Due to the toxicity of the drugs
used for treating T. b. rhodesiense, about 5 % of the patients die from the treatment
(WHO 2011). The disease is accordingly controlled by attacking the tsetse vectors
(Rowlands et al. 2000). Tsetse control methods include aerial and ground spraying,
sterile insect technique, and bait technology, including the use of insecticide-treated
cattle (ITC). Bait technology methods cause little damage to the environment and are
very effective if applied properly in appropriate circumstances (Hargrove et al. 2000;
Vale and Torr 2005).

There has been an increasing emphasis in sub-Saharan Africa on getting farmers
to control tsetse and animal trypanosomiasis themselves, instead of relying on gov-
ernments or donor organisations. The only feasible techniques that can be taken up
by farmers as self-help schemes are bait methods, and the most cost-effective of these
is the use of ITC in tsetse infested areas where cattle provide a substantial proportion
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of tsetse blood-meals. The original protocol for these applications involved the treat-
ment of all the cattle in an area with insecticide applied at intervals of about a month,
using the standard “whole-body” dose as recommended for tick control. To be effec-
tive, the technique should be applied over an area of at least several hundred square
kilometers, necessitating participation by all livestock keepers over relatively large
areas. However, this technique is still too costly for ready adoption by poor farmers,
especially since they usually have to use expensive pour-on insecticides.

1.2 Tsetse Feeding Preference and ITC

Since its inception, the ITC approach has been refined through the demonstration
that it is not necessary to treat every animal in a herd since tsetse feed preferen-
tially on larger animals in a herd. Tsetse find it hard feeding on young cattle due
to their higher defensive movements. Moreover, field observations show that tsetse
feed preferentially on the legs and belly of these larger, generally older, cattle (Torr
et al. 2001). By restricting the application of insecticides to these locations, and to
the ears where ticks accumulate, the amount of insecticides required for tsetse and
trypanosomiasis can be reduced, and simultaneously provide tick control. This re-
stricted application approach thereby provides financial benefits to the farmers, plays
to the farmers’ overriding concern with tick control, and helps to allay concerns about
the environmental impact of insecticide use (Bourn et al. 2005; Torr et al. 2007;
Vale and Torr 2005).

1.3 Studies on ITC

ITC has been used to control tsetse and trypanosomiasis in various sub-Saharan
African countries including Zambia (Chizyuka and Liguru 1986), Zimbabwe (Thom-
son et al. 1991; Torr et al. 2007), Tanzania (Fox et al. 1993; Hargrove et al. 2000),
Ethiopia (Bekele et al. 2010; Rowlands et al. 2000), Burkina Faso (Bauer et al. 1992,
1999) and Uganda (Magona and Walubengo 2011; Okello-Onen et al. 1994). Degrees
of success differ between control programme, being affected by the size and shape of
the control areas, and the number and density of treated cattle (Hargrove et al. 2003).
If the area treated is small and is surrounded by a tsetse-infested area, invasion from
the untreated area can re-infest much or all of the controlled region (Torr and Vale
2011).

In this paper, we use a mathematical model to study the control of tsetse and
T. b. rhodesiense infection in humans, using ITC. Two techniques of application of
insecticides on cattle, that is, whole-body (WB) and restricted application (RAP) of
insecticides, are considered. Note that the proportion of cattle treated with insecti-
cides is generated by the model, instead of being estimated by using a probability
function as in a recent study (Hargrove et al. 2012).

2 Multi-host T. b. rhodesiense Transmission Model with Time Delay

We present a mathematical model that describes the transmission of T. brucei para-
sites by the tsetse vector species to a population of n different host species. Tsetse
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flies feed at a rate a per day so that each fly takes a new blood meal on average ev-
ery 1

a
days. Tsetse vectors are assumed to feed from the n hosts at random, but with

a fixed preference taking a proportion fi of its blood meals from each host, where∑
i fi = 1 and i = 1,2, . . . , n. Thus, tsetse flies feed from each host at rates ai = afi

per day, with a = ∑
i ai . Each host population is divided into three classes, suscepti-

ble (Si ), infectious (Ii ) and recovered (Ri ), whereas the tsetse population is divided
into two classes, susceptible (SV ) and infectious (IV ). We define time delays Ti and
TV representing the incubation period in the host and tsetse vector populations, re-
spectively.

We assume that vector infection can only occur when the teneral fly takes its first
blood meal (Artzrouni and Gouteux 2001; Rogers 1988). We obtain the daily recruit-
ment rate, ΛV , for susceptible teneral tsetse, composed of flies that survive and have
not taken their first feed in one unit of time (that is, between t − 1 and t) from

ΛV = BV

∫ t

t−1
e− ∫ t

s (a+mV (p(ξ))) dξ ds = BV

∫ 1

0
e− ∫ 0

−u(a+mV (p(t+x))) dx du, (1)

where BV is the constant birth rate for the tsetse population, a is the tsetse feeding
rate, and mV (p(t +x)) is the tsetse mortality, which depends on the proportion of cat-
tle, p(t +x), that is on ITC, and u ∈ [0,1]. Recruitment of tsetse is said to occur when
teneral flies survive to be added to the population which is susceptible to T. b. rhode-
siense infection. The solution of Eq. (1) is given in the Appendix. Susceptible teneral
flies get infected after biting an infectious host with a probability αi and move to
the infectious class, IV . Tsetse flies are assumed to die at a background rate μ and
at an additional rate due to the effects of ITC. An estimated proportion e−mV (p(t))TV

of infected flies will thus survive the incubation period, TV (Hargrove et al. 2012;
Rogers 1988).

We assume a constant recruitment rate Λi for each vertebrate host that arises
through birth and immigration. Following the bite of an infectious tsetse fly, the prob-
ability of a susceptible host becoming infected is βi . Infectious vertebrate hosts are
assumed to recover at a rate gi due to treatment. Recovered hosts lose their immu-
nity at a rate νi and become susceptible again. A schematic representation of the
T. b. rhodesiense transmission model in a multi-host population is shown in Fig. 1.
Table 1 shows the model parameters and their definitions.

2.1 Including Insecticide-Treated Cattle (ITC) in the Model

To include ITC in the model, we split the cattle population from the rest of the (n−1)

host populations as shown in Fig. 1. Cattle are assumed to be treated with insecticides
at a rate ψ , thus moving to the treated classes, ST

1 , IT
1 and RT

1 . The insecticide effect
is assumed to be maximum on the day of application, and it reduces with time, lasting
on average for 1

d
days. The value of 1

d
will depend mainly on the type of insecticide

formulation used, as well as the method of application. The insecticides applied to
cattle are not repellents (Vale et al. 1999) and therefore, do not prevent tsetse from
biting cattle. However, each fly that bites or touches an animal that is treated with
insecticides is assumed to die within a few hours. We assume that cattle treated with
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Fig. 1 Flow diagram of the compartmental model of T. b. rhodesiense in tsetse and a multi-host population
that includes treatment of cattle with insecticides. The cattle population that is treated with insecticides
is enclosed in a dotted rectangle. λi and λV are the forces of infection for the host and tsetse vector
populations, respectively

Table 1 Definitions of the parameters used in the model

Parameter Definition

Λi Recruitment rate for host i

ΛV Recruitment rate for tsetse flies

μV Tsetse natural mortality

mV Tsetse mortality in the presence of ITC

μi Natural mortality for host i

ai Tsetse-host biting rate

βi Probability of infected fly bite producing an infection in host i

αi Probability of the first infected blood meal from host i giving rise to infection in tsetse flies

σi Mortality rate of infected host i

gi Recovery rate of infected host i

νi Rate of loss of immunity in recovered hosts i

TV Incubation period for tsetse flies

Ti Incubation period for host i

ψ Proportion of cattle treated with insecticides per day

d Rate of loss of insecticidal killing effect
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insecticide, when bitten by an infectious tsetse fly, get infected with the same proba-
bility β1 as for untreated cattle. After infection, treated susceptible cattle progress to
the infectious class, IT

1 , from which they can either die of the disease or recover at a
rate g1 due to treatment. The recovery and loss of immunity rates are taken to be the
same for treated and untreated cattle. Each animal in the treated compartments ST

1 ,
IT

1 and RT
1 return to S1, I1 and R1, respectively, at a rate d after the insecticides have

lost their killing effect.
When tsetse flies alight on cattle treated with insecticides, their mortality will be

increased by a factor

a1m
(ST

1 + IT
1 + RT

1 )

N1
,

which is a function of the tsetse-cattle biting rate, a1, the proportion of cattle treated

with insecticides,
(ST

1 +IT
1 +RT

1 )

N1
, and the additional mortality m in tsetse due to the

insecticides. The increased tsetse mortality is assumed to be due to direct insecticidal
effect. Thus, the tsetse mortality in the presence of ITC is given by

mV = μV + a1m
(ST

1 + IT
1 + RT

1 )

N1
, (2)

where μV is the tsetse natural mortality rate. The value of m is assumed to depend
on the area of the animal covered by the insecticides, either whole-body (WB) treat-
ment or restricted application (RAP), the insecticide formulation, and the duration of
insecticide efficacy. For the same formulation and duration of insecticide efficacy, m

is higher for WB treatment than for RAP (Torr et al. 2007).
The equations for the model are given by

d

dt
S1 = Λ1 + ν1R1 + dST

1 − (ψ + μ1)S1 − λ1(t − T1)S1(t − T1),

d

dt
I1 = λ1(t − T1)S1(t − T1) + dIT

1 − (ψ + g1 + σ1)I1,

d

dt
R1 = g1I1 + dRT

1 − (ψ + μ1 + ν1)R1,

d

dt
ST

1 = ψS1 + ν1R
T
1 − (μ1 + d)ST

1 − λ1(t − T1)S
T
1 (t − T1),

d

dt
IT

1 = ψI1 + λ1(t − T1)S
T
1 (t − T1) − (d + g1 + σ1)I

T
1 ,

d

dt
RT

1 = ψR1 + g1I
T
1 − (d + μ1 + ν1)R

T
1 , (3)

d

dt
Si = Λi + νiRi − μiSi − λi(t − Ti)Si(t − Ti),

d

dt
Ii = λi(t − Ti)Si(t − Ti) − (gi + σi)Ii,

d

dt
Ri = giIi − (μi + νi)Ri,



Modelling the Use of Insecticide-Treated Cattle to Control Tsetse

d

dt
SV = ΛV − e−mV TV λV (t − TV )SV (t − TV ) − mV SV ,

d

dt
IV = e−mV TV λV (t − TV )SV (t − TV ) − mV IV ,

where λ1(t) = a1β1IV (t)
N1(t)

, λi(t) = aiβi IV (t)
Ni(t)

, λV (t) = α1a1
(I1(t)+IT

1 (t))

N1(t)
+ ∑

i
αiai Ii (t)

Ni(t)
and i = 2,3, . . . , n. The total population sizes N1 (for cattle hosts), Ni (for non-cattle
hosts) and NV (for tsetse vectors) can be determined by S1 + I1 + R1 + ST

1 + IT
1 +

RT
1 = N1, Si + Ii + Ri = Ni and SV + IV = NV , respectively. All variables and

parameters in the model (3) are considered to be positive, and the model lies in the
region

Γ T =
{
(
S1, I1,R1, S

T
1 , I T

1 ,RT
1 , Si, Ii ,Ri, SV , IV

) ∈R
3n+8+ : N1 ≤ Λ1

μ1
,

Ni ≤ Λi

μi

,NV ≤ ΛV

mV

}

,

where i = 1,2,3, . . . , n.

3 Mathematical Analysis

Before carrying out the mathematical analysis of the whole model, it is enlightening
to consider its sub-model. We are able to gain insights into the dynamics of the whole
model by considering smaller models. We consider, firstly, the multi-host model in the
absence of insecticide-treated cattle (ITC), by setting ST

1 = IT
1 = RT

1 = 0. Secondly,
we consider the whole model. Qualitative analysis of some models is not tractable,
and we resort to simulations to obtain insights into the dynamics of the model.

3.1 Analysis of the Multi-host Model in the Absence of ITC

In the absence of treatment of cattle with insecticides, the recruitment rate, ΛV , re-
duces to

ΛV = BV

∫ 1

0
e− ∫ 0

−u(a+μV )dx du = BV

(a + μV )

(
1 − e−(a+μV )

)
.

Model (3) also reduces to

d

dt
Si = Λi + νiRi − μiSi − λi(t − Ti)Si(t − Ti), (4)

d

dt
Ii = λi(t − Ti)Si(t − Ti) − (gi + σi)Ii, (5)

d

dt
Ri = giIi − (μi + νi)Ri, (6)

d

dt
SV = ΛV − e−μV TV λV (t − TV )SV (t − TV ) − μV SV , (7)
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d

dt
IV = e−μV TV λV (t − TV )SV (t − TV ) − μV IV , (8)

where λi(t) = aiβi IV (t)
Ni(t)

, λV (t) = ∑
i

αiai Ii (t)
Ni(t)

and i = 1,2, . . . , n. The total population
sizes Ni (for each host) and NV can be determined by Si + Ii + Ri = Ni and SV +
IV = NV , respectively, or from the differential equations

d

dt
Ni = Λi − μiNi − (σi − μi)Ii, (9)

d

dt
NV = ΛV − μV NV , (10)

that are derived by adding Eqs. (4)–(6) for each host population and (7)–(8) for the
tsetse population. All variables and parameters in the model (4)–(8) are considered to
be positive, and the model lies in the region

Γ =
{

(Si, Ii,Ri, SV , IV ) ∈ R
3n+2+ : Ni ≤ Λi

μi

,NV ≤ ΛV

μV

}

.

3.1.1 Basic Reproduction Number, R0n

The expression of the basic reproduction is derived by using the next generation
method developed in Van den Driessche and Watmough (2002). The model system
(4)–(8) has a disease-free equilibrium given by

E0 =
(

Λ1

μ1
,0,0, . . . ,

Λn

μn

,0,0,
ΛV

μV

,0

)

.

Following Van den Driessche and Watmough (2002), we obtain the matrices F (for
the new infections) and V (for the transition terms) as

F =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 . . . 0 a1β1
0 0 . . . 0 a2β2
...

... . . .
...

...

0 0 . . . 0 anβn

e−μV TV α1a1μ1ΛV

Λ1μV

e−μV TV α2a2μ2ΛV

Λ2μV
. . .

e−μV TV αnanμnΛV

BnμV
0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

and

V =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

g1 + σ1 0 . . . 0 0
0 g2 + σ2 . . . 0 0
...

... . . .
...

...

0 0 . . . gn + σn 0
0 0 . . . 0 μV

⎞

⎟
⎟
⎟
⎟
⎟
⎠

,

respectively. To obtain the expression for R0n, we need to find the eigenvalues of the
matrix FV −1. First, we observe that V is a diagonal matrix and its inverse is obtained
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by replacing each element in the diagonal with its reciprocal. Thus,

V −1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
g1+σ1

0 . . . 0 0

0 1
g2+σ2

. . . 0 0
...

... . . .
...

...

0 0 . . . 1
gn+σn

0

0 0 . . . 0 1
μV

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

and

FV −1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 . . . 0 a1β1
μV

0 0 . . . 0 a2β2
μV

...
... . . .

...
...

0 0 . . . 0 anβn

μV

e−μV TV α1a1μ1ΛV

Λ1μV (g1+σ1)
e−μV TV α2a2μ2ΛV

Λ2μV (g2+σ2)
. . .

e−μV TV αnanμnΛV

BnμV (gn+σn)
0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

It can be shown that the eigenvalues, λ, of the matrix FV −1 are given by the
following characteristic equation:

(−λ)n−1

(

λ2 −
n∑

i=1

e−μV TV αia
2
i μiβiΛV

Λiμ
2
V (gi + σi)

)

= 0, (11)

from which the basic reproduction number, R0n, is obtained as the spectral radius of
the next generation matrix, FV −1, and is given by

R0n =
√
√
√
√

n∑

i=1

e−μV TV αia
2
i μiβiΛV

Λiμ
2
V (gi + σi)

. (12)

This is the net number of secondary infections arising from one infectious index case
in an otherwise disease-free equilibrium (DFE). The square root arises due to the
fact that two generations are required for an infected tsetse fly or host to reproduce
itself (Van den Driessche and Watmough 2002). If R0n is greater than 1, the disease-
free equilibrium is unstable, and we are in the presence of an endemic equilibrium,
where the disease can invade and persist. However, if R0n is smaller than 1, then the
disease-free equilibrium is stable, and the disease dies out.

3.1.2 Local Stability of the Disease-Free Equilibrium of the One-Host
T. b. rhodesiense Transmission Model in the Absence of ITC

In this subsection, we study the local stability of the disease-free equilibrium of the
one-host T. b. rhodesiense transmission model with time delay in the absence of
insecticide-treated cattle. In a case where there is one host population, system (4)–(8)
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reduces to

d

dt
S1 = Λ1 + ν1R1 − μ1S1 − λ1(t − T1)S1(t − T1),

d

dt
I1 = λ1(t − T1)S1(t − T1) − (g1 + σ1)I1,

d

dt
R1 = g1I1 − (μ1 + ν1)R1,

d

dt
SV = ΛV − e−μV TV λV (t − TV )SV (t − TV ) − μV SV ,

d

dt
IV = e−μV TV λV (t − TV )SV (t − TV ) − μV IV ,

(13)

where λ1(t) = a1β1IV (t)
N1(t)

and λV (t) = α1a1I1(t)
N1(t)

are the forces of infection for the
host and tsetse populations, respectively. System (13) satisfy the initial conditions:
S1(θ) = S0

1 , I1(θ) = I 0
1 ,R1(θ) = R0

1, SV (θ) = S0
V , IV (θ) = I 0

V , for θ ∈ [−τ,0],
where τ = max(T1, TV ). The respective total host and tsetse population sizes can
be determined by N1 = S1 + I1 + R1 and NV = SV + IV or from the differential
equations

N ′
1 = Λ1 − μ1N1 − (σ1 − μ1)I1 and N ′

V = ΛV − μV NV ,

which are derived by adding the equations in system (13). We study system (13) in
the region

Γ1 =
{

(S1, I1,R1, SV , IV ) ∈R
5+ : 0 ≤ S1 +I1 ≤ Λ1

μ1
,0 ≤ IV ≤ ΛV

μV

,S1 ≥ 0, I1 ≥ 0

}

,

where R5+ denotes the non-negative cone of R5 including its lower dimensional faces.
It can be verified that Γ1 is positively invariant with respect to system (13). We de-
note the boundary and interior of Γ1 by ∂Γ1 and Γ̇1, respectively. System (13) has a
disease-free equilibrium E01 = (Λ1

μ1
,0,0,

ΛV

μV
,0). An explicit expression for the ba-

sic reproduction number of system (13) can be obtained from Eq. (12) for n = 1 as

R01 =
√

e−μV TV α1a1μ1β1ΛV

Λ1μ
2
V (g1+σ1)

.

We consider the local stability of the disease-free equilibrium, E01, in two cases,
that is, where R01 < 1 and where R01 > 1.

Theorem 3.1 The disease-free equilibrium, E01, of the one-host T. b. rhodesiense
transmission model with time delay in the absence of ITC is locally asymptotically
stable in Γ1 if R01 < 1 and unstable if R01 > 1.

Proof Linearising system (13) around the disease-free equilibrium, E01 = (Λ1
μ1

,0,0,
ΛV

μV
,0), we obtain three negative eigenvalues, −(ν1 + μ1),−μ1 and −μV , and the
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following characteristic equation whose solutions (real or complex) give the remain-
ing eigenvalues:

λ2 + (μV + g1 + σ1)λ − μV (g1 + σ1)
[
(R01)

2e−λ(T1+TV ) − 1
] = 0. (14)

For T1 = TV = 0, Eq. (14) will have only roots with negative real parts if R01 < 1, and
the disease-free equilibrium will be locally stable, according to the Routh–Hurwitz
criterion. Otherwise, Eq. (14) will have one positive root if R01 > 1 and E01 is unsta-
ble.

For T1 = 0 and TV �= 0, we first consider the case where R01 > 1 and arrange
Eq. (14) in the form

λ2 + (μV + g1 + σ1)λ = μV (g1 + σ1)
[
(R01)

2e−λTV − 1
]
. (15)

Let F(λ) and G(λ) denote the left-hand and right-hand sides of Eq. (15), respectively.
It is clear that F(λ) is an increasing function of λ for λ ∈ R, with F(0) = 0 and
limλ→∞F(λ) = ∞. The function G(λ) is a decreasing function of λ, λ ∈ R, and
G(0) = μV (g1 + σ1)[(R01)

2 − 1] > 0. Thus, the two functions must intersect for
some λ∗ > 0. Hence, (15) has a positive real solution for R01 > 1, and the disease-
free equilibrium is unstable.

Moving to the case R01 < 1, we notice that F(λ) is still an increasing function
of λ. G(λ) is also a decreasing function of λ, with G(0) = μV (g1 + σ1)[(R01)

2 −
1] < 0. Thus, Eq. (15) has no positive real roots. If Eq. (15) is to have positive real
roots, they must be complex and should have been obtained from a pair of complex
conjugate roots that cross the imaginary axis. So, we need to show that these roots
do not exist for E01 to be stable. Assume that λ = iω for ω > 0. Substituting for λ in
Eq. (15), we obtain

−ω2 + i(μV + g1 + σ1)ω − μV (g1 + σ1)
[
(R01)

2(cos(ωTV ) − i sin(ωTV )
) − 1

] = 0.

Separating the real and imaginary parts, we have the following system of equations:

−ω2 + μV (g1 + σ1) = μV (g1 + σ1)(R01)
2 cos(ωTV ),

(μV + g1 + σ1)ω = −μV (g1 + σ1)(R01)
2 sin(ωTV ).

Adding the above equations together and using the trigonometric identity
cos2(ωTV ) + sin2(ωTV ) = 1, we obtain the following four degree equation in ω:

ω4 + (
μ2

V + (g1 + σ1)
2)ω2 + μ2

V (g1 + σ1)
2(1 − (R01)

4) = 0. (16)

To reduce this fourth-order equation to a quadratic equation, we let z = ω2, and the
resulting equation in terms of z is

z2 + (
μ2

V + (g1 + σ1)
2)z + μ2

V (g1 + σ1)
2(1 − (R01)

4) = 0. (17)

It is clear that for R01 < 1, Eq. (17) does not have positive real roots, which leads to
the conclusion that there is no ω such that λ = iω is a solution of (15). In a similar
way, it can be shown that there are no positive real roots for cases T1 �= 0 and TV = 0,
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and for the general case where T1 �= 0 and TV �= 0. Therefore, the real parts of all
eigenvalues of the characteristic equation (14) are negative for all values of the time
delay T1 ≥ 0 and TV ≥ 0. Thus, the disease-free equilibrium, E01, is locally asymp-
totically stable for R01 < 1 and unstable for R01 > 1. This completes the proof of the
theorem. �

3.1.3 The Endemic Steady States of the Multi-Host T. b. rhodesiense Transmission
Model in the Absence of ITC

Assuming that R0n > 1, we can now put our attention to the existence and uniqueness
of an endemic equilibrium. An endemic equilibrium is a time-independent solution
of system (4)–(8). Since a time-independent solution has the same values at time t as
at time t − τ , where τ is the time delay, the solution of the endemic equilibrium of
system (4)–(8) can be obtained by considering the system without time delay. Let

λ∗
i = aiβiI

∗
V

N∗
i

and λ∗
V =

n∑

i=1

αiaiI
∗
i

N∗
i

(18)

be the respective forces of infection for the host and tsetse vector populations. Further,
let the endemic steady state of model (4)–(8) be given by E∗ = (S∗

i , I ∗
i ,R∗

i , S∗
V , I ∗

V ).
Solving Eqs. (4)–(8) at the steady state gives

I ∗
i = Biλ

∗
i

Diλ
∗
i + Fi

, R∗
i = giI

∗
i

μi + νi

, S∗
i = Λi + νiRi

μi + λ∗
i

, N∗
i = Giλ

∗
i + Hi

Diλ
∗
i + Fi

,

I ∗
V = AΛV λ∗

V

μV (Aλ∗
V + μV )

, S∗
V = ΛV

Aλ∗
V + μV

, N∗
V = ΛV

μV

,

(19)
where Bi = Λi(μi + νi), Di = giμi + σi(μi + νi), Fi = μi(νi + μi)(gi + σi), Gi =
Λi(gi + νi + μi), Hi = Λi(νi + μi)(gi + σi) and A = e−μV TV .

Substituting I ∗
V , I ∗

i and N∗
i into Eq. (18) and solving, we obtain the endemic

equilibrium in terms of λ∗
i as

λ∗
i

(
Giλ

∗
i + Hi

)
μ2

V + A
(
λ∗

i

(
Giλ

∗
i + Hi

)
μV

− aiβiΛV

(
Diλ

∗
i + Fi

)) n∑

i=1

[
αiaiBiλ

∗
i

Giλ
∗
i + Hi

]

= 0. (20)

Considering a case where the transmission of T. b. rhodesiense is occurring be-
tween the tsetse vector species and one host population (that is, n = 1), Eq. (20)
becomes

λ∗
1

(
G1λ

∗
1 + H1

)
μ2

V + A
(
λ∗

1

(
G1λ

∗
1 + H1

)
μV

− a1β1ΛV

(
D1λ

∗
1 + F1

))
(

α1a1B1λ
∗
1

G1λ
∗
1 + H1

)

= 0. (21)
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Simplifying Eq. (21), we obtain a non-zero equilibria for model (4)–(8) for a special
case where n = 1 as

λ∗
1

(
a0

(
λ∗

1

)2 + b0λ
∗
1 + c0

) = 0, (22)

where a0 = G1μV (Aα1a1B1 + G1μV ), b0 = AH1α1a1B1μV + 2H1G1μ
2
V −

Aα1a
2
1ΛV B1D1β1 and c0 = Λ1μ

2
V (g1 + σ1)(1 − (R01)

2).
Thus, the positive endemic equilibria of model (4)–(8) for the special case where

n = 1 is obtained by solving Eq. (22) and substituting the results of λ∗
1 into expres-

sions (19). It can be seen that a0 is always positive and c0 is positive (negative) if R01

is less than (greater than) one, respectively. Thus, the following result is obtained.

Theorem 3.2 The one-host T. b. rhodesiense transmission model with time delay in
the absence of ITC has:

(i) a unique endemic equilibrium if c0 < 0 ⇐⇒ R01 > 1;
(ii) a unique endemic equilibrium if b0 < 0 and C0 = 0 or b2

0 − 4a0c0 = 0;
(iii) two endemic equilibrium if c0 > 0, b0 < 0 and b2

0 − 4a0c0 > 0;
(iv) no endemic equilibrium otherwise.

The computation of the endemic equilibria for the cases where n > 1 leads to
polynomials whose degree is more than three and are difficult to analyse analytically.
We thus resort to numerical results which are given in Sect. 4.

3.2 Mathematical Analysis of the Multi-host Model in the Presence of ITC

After putting insecticide-treated cattle (ITC) into consideration we obtain the new
model, which is schematically represented by Fig. 1 and given by system (3). Again
using the method in Sect. 3.1 with the disease-free equilibrium

ET
0 =

(
Λ1(1 − π)

μ1
,0,0,

Λ1π

μ1
,0,0,

Λ2

μ2
,0,0, . . . ,

Λn

μn

,0,0,
Λ̃V

m̃V

,0

)

,

where π = ψ
ψ+d+μ1

and m̃V = μV + a1mπ . The expression for Λ̃V is given by
Eq. (34) in the Appendix. The basic reproduction number for the multi-host model in
the presence of ITC is thus obtained as

RT
0n =

√
√
√
√e−m̃V TV Λ̃V

m̃2
V

n∑

i=1

αia
2
i βiμi

Λi(gi + σi)
. (23)

RT
0n gives the expected number of secondary cases produced in a completely

susceptible population, by a typical infective host or tsetse fly in the presence of
insecticide-treated cattle. If RT

0n > 1, then the disease may emerge in one of the pop-
ulations. However, if R0n < 1, then the disease-free equilibrium is locally asymptot-
ically stable (Van den Driessche and Watmough 2002). It can be noticed that when
p = 0, Eq. (23) reduced to (12).
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For our study, we will consider a special case where the host population is limited
to three, that is, cattle, humans and wildlife as in Davis et al. (2011). Studies on try-
panosomiasis infection in East Africa show that cattle are an important reservoir for
T. b. rhodesiense. The importance of wildlife in the transmission of trypanosomiasis
has also been identified in most parts of sub-Saharan Africa (Coleman and Welburn
2004; Fèvre et al. 2008; Waiswa et al. 2006; Welburn et al. 2006). For this case where
n = 3, the basic reproduction number can be obtained from Eq. (23) as

RT
03 =

√
e−m̃V TV Λ̃V

m̃2
V

{
α1a

2
1β1μ1

Λ1(g1 + σ1)
+ α2a

2
2β2μ2

Λ2(g2 + σ2)
+ α3a

2
3β3μ3

Λ3(g3 + σ3)

}

. (24)

3.2.1 Sensitivity Analysis of RT
03 to Parameter Valves

RT
03 is determined by several parameters, and therefore, it is necessary to investigate

the sensitivity of RT
03 to each parameter. This can be determined by calculating the

sensitivity index of RT
03 with respect to each parameter as in Chitnis et al. (2008). The

definition shows that the sensitivity of a variable X with respect to a parameter μ is
given by

Υ X
μ = ∂X

∂μ

μ

X
. (25)

The definition shows that the sensitivity index measures the relative change in X

for a small relative change in the parameter μ. A negative sensitivity index means that
an increase in the value of the parameter would lead to a decrease in the variable X.
On the other hand, a positive sensitivity index means that an increase in the parameter
value would lead to an increase in the variable X. By using this definition, we obtain
the sensitivity indices of RT

03 with respect to all parameters. The results are given in
Table 2.

The sensitivity analysis shows that the parameter that has a greater impact on the
basic reproduction number in the absence of ITC is the tsetse natural mortality, μV .
Other important parameters are the tsetse-cattle biting rate, a1, and the tsetse birth
rate, BV . In the presence of insecticide-treated cattle (ITC), the basic reproduction
number, RT

03, is most sensitive to the parameter for the additional tsetse mortality, m.
Other important parameters are the tsetse natural mortality, μV , proportion of cattle
with insecticides treated per day, ψ , and the rate of loss of the insecticidal effect, d . It
can also be noticed that the sensitivity index for RT

03 with respect to the tsetse-cattle
biting rate, a1, is positive and negative in the absence and presence of ITC, respec-
tively. This is because, in the absence of ITC, increased tsetse biting on cattle leads
to an increase in T. b. rhodesiense infection rate and hence an increase in the basic
reproduction number. Conversely, in the presence of ITC, increased tsetse biting on
cattle leads to the increased tsetse death rate, which results in a decrease in the tsetse
density, hence reducing the T. b. rhodesiense infection rate and the basic reproduction
number.
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Table 2 Sensitivity indices of RT
03 of the 3-host T. b. rhodesiense model with and without insecticide-

treated cattle. All parameters were fixed to the values given in Table 3, and p was taken to be 0.2

Without ITC With ITC (RAP case)

Parameter Sensitivity
index

Parameter Sensitivity
index

Parameter Sensitivity
index

Parameter Sensitivity
index

μV −1.2772 m −0.8278 Λ3 −0.1973

a1 +0.5626 g3 −0.1184 μV −0.7537 β3 +0.1973

BV +0.500 σ1 +0.0906 TV −0.5665 μ3 +0.1973

a3 +0.3927 σ3 −0.0789 ψ −0.5543 g3 −0.1184

α1 +0.3022 a2 −0.0049 d +0.5468 σ1 −0.0906

β1 +0.3022 μ2 +0.0005 BV +0.5000 σ3 −0.0789

Λ1 −0.3022 β2 +0.0005 a3 +0.3828 a2 +0.0049

μ1 +0.3022 α2 +0.0005 μ1 +0.3097 β2 +0.0005

TV −0.2700 Λ2 −0.0005 α1 +0.3022 α2 +0.0005

g1 −0.2115 g2 −0.0004 β1 +0.3022 Λ2 −0.0005

α3 +0.1973 σ2 −0.0001 Λ1 −0.3022 μ2 +0.0005

β3 +0.1973 a1 −0.2649 g2 −0.0004

Λ3 −0.1973 g1 −0.2115 σ2 −0.0001

μ3 +0.1973 α3 +0.1973

4 Numerical Results

Table 3 gives all the parameter values used in solving the 3-host T. b. rhodesiense
transmission model with time delay in the absence and presence of ITC.

With all the parameters fixed or estimated (Table 3), we look at the numerical re-
sults following from the model (4)–(8) for n = 3. In the absence of ITC, the basic re-
production number, R03, for the case when the number of hosts is limited to three, can
be obtained from (12). First, the disease-free steady state is given by Λ1 = 40,000,
Λ2 = 500,000 and Λ3 = 5,000 for cattle, humans and wildlife populations, respec-
tively. In the absence of ITC , we obtain R03 = 2.5. This value is close to 2.65 ob-
tained in Rogers (1988) for T. brucei species in humans and cattle. Davis et al. (2011)
did a global sensitivity analysis for African sleeping sickness by considering three
host groups; humans, livestock and wildlife, and they obtained a basic reproduction
number that lies in the range 0.097–4.955 for T. b. rhodesiense.

4.1 Application of Insecticides to Cattle to Prevent the Transmission

In this subsection, we investigate the impact of ITC on the T. b. rhodesiense transmis-
sion potential (RT

03) and human incidence for different scenarios of cattle treatment
coverage. We estimate the critical proportion ψ of cattle required to be treated with
insecticides for RT

03 to be less than one, by setting RT
03 = 1 and solving for ψ .

The results in Fig. 2(b) show that in areas where vectors feed predominantly on
cattle, insecticide treatment of about 1.1 % or 1.6 % per day of the cattle population
using the WB or RAP approaches, respectively, can potentially reduce RT

03 < 1 and
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Fig. 2 The effect of treating cattle with insecticides on the basic reproduction number, RT
03: (a) shows the

plot of the basic reproduction number, RT
03, with respect to the proportion of cattle treated with insecticides,

ψ for d = 0.04; (b) and (c) show the critical proportions of cattle needed to be treated with insecticides
for different values of d for whole body and restricted application, respectively (Color figure online)

therefore, lead to the control of T. b. rhodesiense. The duration of insecticide efficacy
was taken to be 1

d
= 4 weeks, which is the same as the duration of the waning of the

insecticidal effect. For both treatment strategies, the proportion of animals needing
to be treated with insecticide per day decreases with the increase in the duration,
1
d

, of the killing effect of the insecticide. For example, reducing the duration of the
killing effect provided by insecticides from 4 weeks to 3 weeks, implies that 1.3 %
and 2.0 % of the cattle population need to be treated with insecticides through whole-
body or restricted application, respectively, for RT

03 < 1. Results for the proportion of
cattle required to be treated with insecticides for different values of d are shown in
Figs. 2(b) and 2(c) for whole-body and restricted application, respectively.

The results for the proportions of cattle kept on insecticides were obtained by run-
ning model (3) up to a steady state and are shown in Fig. 3. The results show that
the critical proportions of 1.1 % or 1.6 % required to be treated with insecticides
per day through whole-body or restricted application for RT

03 to be less than one are
equivalent to keeping 21.0 % or 27.0 % of the cattle population on insecticides, re-
spectively. Figures 4 and 5 show the impact of ITC on the incidence and prevalence
of T. b. rhodesiense in humans for both strategies. In both strategies, there is a sig-
nificant decrease in the prevalence and incidence of T. b. rhodesiense in humans. The
results are shown for the proportion of cattle treated with insecticides per day, ψ ,
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Fig. 3 Proportion of cattle kept on insecticides (Color figure online)

Fig. 4 Increased tsetse mortality through ITC. T. b. rhodesiense incidence in humans for both strategies;
whole-body treatment (a) and restricted application of insecticides to cattle (b) (Color figure online)

Fig. 5 Increased tsetse mortality through ITC. T. b. rhodesiense prevalence in humans for both strategies;
whole-body treatment (a) and restricted application of insecticides to cattle (b) (Color figure online)



D. Kajunguri et al.

Fig. 6 Effect of increased tsetse mortality through ITC on the tsetse population for both strategies; whole-
body treatment (a) and restricted application of insecticides to cattle (b) (Color figure online)

taken to be 0,0.01,0.02,0.04,0.06 and 0.08 for both strategies. The results are also
shown for the case where different proportions of cattle are treated with insecticides
in the presence of wildlife hosts.

4.2 Effect of ITC on the Tsetse Population

For both strategies. there are significant decreases in the tsetse population (Fig. 6),
which can only be kept constant in the presence of ITC if the increased mortality
is balanced by an increase in birth and/or immigration. The results shown in Fig. 6
reflect the situation where birth is the predominant source of replacements. If im-
migration is the predominant source, then older flies—which are above the average
age of being able to transmit trypanosome infections—are entering the population.
In that case the results shown in Fig. 6 under-estimate the level of disease control to
be expected from the use of ITC at the stated levels. Generally, where ITC is used,
either against closed populations of tsetse or on a sufficiently large scale that the vast
majority of the area is uninfected by immigration of tsetse flies across the boundary,
the expectation is that the fly population will decrease (Hargrove et al. 2012).

5 Conclusions

This paper provides support for previous theoretical and field experimental studies
suggesting that the use of the ITC approach can provide a highly cost-effective ap-
proach to tsetse and trypanosomiasis control (Hargrove et al. 2000, 2012; Torr and
Vale 2011; Torr et al. 2007; Vale and Torr 2005; Bourn et al. 2005; Vale et al. 1999)
and is the method of choice whenever there are appropriate densities of cattle in a
tsetse area (Shaw et al. 2013).

5.1 Whole-Body vs. Restricted Application

By limiting the number of host groups to three (i.e. humans, cattle and wildlife) the
model was used to study the impact of treating cattle with insecticides on the con-
trol of T. b. rhodesiense in humans, using either the WB or RAP versions of ITC
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approach. In areas where cattle provide the majority of feeds for tsetse both the WB
and RAP strategies of insecticidal treatment can be used for the effective control of
tsetse and of human trypanosomiasis. As expected, the absolute impact per animal
treated was greater when the WB approach was used. But what is encouraging is that
the restricted application approach, which uses about 20 % of the insecticide required
for the whole-body treatment, is about 21 % less effective per animal treated (Torr
et al. 2007). Whereas a strict cost-benefit analysis was beyond the scope of the present
paper, it is nonetheless obvious from our theoretical analysis that the RAP approach
has strong economic advantages, in accord with findings in the field.

The approach also has a number of other livestock health and productivity benefits.
For example, most farmers in Africa have indigenous breeds of cattle, which are
resistant to several tick-borne diseases. The resistance depends on young cattle being
bitten by infected ticks. With the RAP approach, tsetse and human trypanosomiasis
control can be achieved without needing to treat young cattle: these young animals
will thus still be bitten by ticks, allowing them to build up immunity to tick-borne
diseases (Torr et al. 2007).

Widespread use of pyrethroids can adversely impact invertebrate dung fauna,
which play an important role in maintaining soil fertility (Bourn et al. 2005;
Torr et al. 2007; Vale and Torr 2005). This adverse effect can be mitigated by using
the RAP instead of WB approach, as indicated above. Finally, studies have shown that
most cattle-feeding Diptera land on the animals’ legs (Torr et al. 2007). This means
that the use of RAP on cattle may be an appropriate method for controlling other
vector-borne diseases of livestock and humans. Studies on the use of ITC to con-
trol malaria transmitted by Anopheles arabiensis have been done is Tanzania (Aneth
et al. 2007). It was also shown that the cost of treating malaria using ITC in Pakistan
is 80 % less than the standard method of indoor spraying (Mark et al. 2001).

5.2 Limitations

Our analysis has been restricted to the situation where the cattle to be treated with
insecticide form a stationary population, uniformly distribution over a given area.
Where this is the case, and where cattle provide the bulk of tsetse blood-meals, ITC
will be most successful as a control technique. The more difficult situation to handle
in practical control terms is one where cattle populations are migratory. The potential
controlling effect of ITC on the tsetse and trypanosome populations is then much
diminished. This problem is particularly severe for groups such as the Maasai peoples
of East Africa, who traditionally travel widely with their cattle through tsetse infested
country. The associated analytical problem is equally difficult to handle, involving
variations in fly, host and parasite levels in both time and space and concomitant
increases in mathematical complexity that were beyond the scope of the present study
(Torr and Vale 2011).
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Appendix

A.1 Derivation of the Tsetse Recruitment Rate, ΛV

The recruitment rate for the tsetse flies is based on newly emerged flies that are feed-
ing for the first time (Hargrove et al. 2012; Rogers 1988; Welburn et al. 2006). These
newly emerged flies have to survive death due to natural mortality and the effects of
insecticides, and should not have fed for them to be susceptible to T. b. rhodesiense
infection. Assuming a constant birth rate, BV , the number of newly born flies that
survive and have not fed in one unit of time (that is, between t − 1 and 1) is given by

ΛV = BV

∫ t

t−1
e− ∫ t

s (a+mV (p(ξ))) dξ ds. (26)

Changing variables by letting u = t − s, Eq. (26) becomes

ΛV = BV

∫ 1

0
e− ∫ t

t−u(a+mV (p(ξ)))dξ du. (27)

Changing variables again by letting x = ξ − t , Eq. (27) becomes

ΛV = BV

∫ 1

0
e− ∫ 0

−u(a+mV (p(t+x))) dx du. (28)

Equation (28) can be solved by using the the trapezium rule given by,

∫ x2

x1

f (x)dx = (x2 − x1)

2n

[

f (x1) + f (x2) + 2
n−1∑

k=1

f

(

x1 + k

(
x2 − x1

n

))]

. (29)

Using Eq. (29), the exponential part of Eq. (28) becomes

−u

2n1

[

2a + mV

(
p(t − u)

) + mV

(
p(t)

) + 2
n1−1∑

k1=1

(

a + mV

(

p

(

t + u

(
k1

n1
− 1

))))]

.

(30)
Substituting Eq. (30) into (28), we obtain

ΛV = BV

∫ 1

0
e

−u
2n1

[2a+mV (p(t−u))+mV (p(t))+2
∑n1−1

k1=1 (a+mV (p(t+u(
k1
n1

−1))))]
du. (31)

Again, using Eq. (29), (31) becomes

ΛV = BV

2n2

(

1 + e
−1
2n1

[2a+mV (p(t−1))+mV (p(t))+2
∑n1−1

k1=1 (a+mV (p(t+ k1
n1

−1)))]

+ 2
n2−1∑

k2=1

e
− 1

2n1
(

k2
n2

)[2a+mV (p(t− k2
n2

))+mV (p(t))+2
∑n1−1

k1=1 (a+mV (p(t+ k2
n2

(
k1
n1

−1))))]
)

.

(32)
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Taking n1 = n2 = 2, Eq. (32) reduces to

ΛV = BV

4

[
1 + 3e− 1

4 (4a+mV (p(t−1))+3mV (p(t))
]
. (33)

Due to the delay terms in Eq. (32), cases where n1 = n2 > 2 reduce to a ΛV that is
complex to be solved with system (3) given in Sect. 2.

At the DFE, the proportion of cattle on insecticides is constant and given by π =
ψ

ψ+d+μ1
. The solution for the tsetse recruitment rate at the DFE can thus be obtained

by integrating Eq. (28) and is given by

Λ̃V = BV

(a + m̃V (π))

(
1 − e−(a+m̃V (π))

)
. (34)
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