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Abstract. In most interior point methods for linear programming, a
sequence of weighted linear least squares problems are solved, where the
only changes from one iteration to the next are the weights and the right
hand side. The weighted least squares problems are usually solved as
weighted normal equations by the direct method of Cholesky factoriza-
tion. In this paper, we consider solving the weighted normal equations
by a preconditioned conjugate gradient method at every other iteration.
We use a class of preconditioners based on a low rank correction to a
Cholesky factorization obtained from the previous iteration. Numerical
results show that when properly implemented, the approach of combining
direct and iterative methods is promising.
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1 Introduction

The class of preconditioners we will consider is a low rank correction of a
Cholesky factorization of a weighted normal equation coefficient matrix. The
combination of a direct method and an iterative method was reported by Kar-
markar and Ramakrishnan [8]. A low rank correction to the matrix was used
by Goldfarb and Liu [6] to prove a low complexity bound for convex quadratic
programming. A frequently used iterative method [3] 8 [9] is the preconditioned
conjugate gradient method on the normal equations.

Throughout this paper we use the following notation: min; or max; is for
all 4 for which the argument is defined. For any matrix A, A;; is the element
in the i-th row and j-th column, A; is the j-th column, and Aj, is the j-th
row. The symbol I is used to denote the identity matrix; its size will always be
apparent from the context. For any square matrix X, A;(X) are the eigenvalues
of X arranged in non decreasing order. The letters L and R represent lower
triangular factors or lower Cholesky factors, and the type of factors will always
be apparent from the context.
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2 Problem
Consider a primal linear programming problem in standard form:
minimize ¢’z
subject to: Az =b, >0 (1)

AeRmxn . peR™ c,xe R

It can be shown (see [2]) that the normal equation form for a primal-dual interior
point method corresponding to problem () is of the form

AGATy = AGh (2)

where G is a diagonal and positive definite matrix. At every interior point iter-
ation, (@) is solved.
In the following, the matrix A will be a full rank m-by-n matrix, m < n.

3 The Class of Preconditioners

Let G, H € R"*" be positive definite and diagonal matrices. For a given index
set Q@ C {1 <j<n|G,; # Hjj;}, let the n x n diagonal matrices H and G be
given by

T HJJIfJEQ ~ GJJIfJEQ
Hjj = {O otherwise, and Gjj = 0 otherwise.

Then, the diagonal matrix K defined in (B)) is positive definite.
K=H+G-H. (3)

Note that K;; = G;; if j € Q, otherwise K;; = H,;. In the mixed interior point
method H is a weight matrix at a previous iteration where a direct method
is used to solve (), and G is the weight matrix at the current interior point
iteration. We can thus assume that we have a factorization of AHAT = LLT.

We denote the number of elements in Q by ¢ = |Q|. Let A € R™*4 consist of
all columns A; such that j € Q. Further, let D € R9%? bhe the nonzero diagonal
submatrix of G — H corresponding to the submatrix A. Then

AKA" = A(H + G — H)A" = AHA™ + ADA". (4)

An approximation to AGAT is AKAT. Observe that if 9 ={1<j <n|Gj; #
Hj;} then AKAT = AGAT so the approximation can be made arbitrary good.

Theorem 1. [J]: Let G,H € R"*" be positive definite and diagonal. Let y; be
the sorted elements of Gj;/Hj; in non-decreasing order

o= min{Gy;/Hjj} S0 < o0 <y = max {Gy/ Hy}

Let Q consist of the indices corresponding to the q largest and the qo smallest
diagonal elements of H~'G. Then

min{v,,+1,1} < M((AKAT)"PAGAT) < max{y,_4,1}.
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Theorem [l suggests choosing Q to consist of indices j corresponding to ¢; largest
and ¢y smallest diagonal elements of H~'G. Further, the condition number of
the preconditioned matrix is bounded above

K((AKAT)flAGAT) S méx{’ynftha 1}
mln{’yfh-i-la 1}

We can keep the condition number of (AK AT)~! AG AT bounded by a prescribed
constant if we carefully choose ¢; and ¢, sufficiently large. The next result from
[2] gives a lower bound on the condition number.

Theorem 2. Let G,H € R"*™ be positive definite and diagonal. Let |Q| =
q1 + g2 < m, where g1 is the number of indices in Q where Gj;/H;; > 1. Let K
be defined as in (3). Then

= Amq, ((AHAT) "1 AGAT)

Ty\—1 T
KA AT) T AGAT) = S e GAT)

Wang and O’Leary [I0] discuss a strategy of preconditioning the normal equation
system based on formulation (). In their implementation, they choose the index
set Q to consist of the indices corresponding to the largest values of |G;; — Hjj|.

3.1 Computing the Preconditioner

We consider two approaches of solving the linear system AK ATz = r, namely
the Sherman Morrison-Woodbury formula approach, and the approach based on
updating the triangular factors.

Sherman Morrison-Woodbury Formula Let AHAT = LLT. Applying the
Sherman Morrison-Woodbury formula ([7] pp. 50) to AKAT = LLT + ADAT
followed with some manipulation yields

(AKAT) ' =L~ T(1 - vF'vhL (5)

where V=L 'Aand F = D~' 4+ VTV. Solving AK ATz = r for z is equivalent
to computing

2= (AKATY Yr = L7T[d — (V(F~(VTd)))], (6)

where d = L~!r. To compute z in (@) we need to store L,V,d, and the factors
of F'. Note that F' is a ¢ X ¢ symmetric matrix that may be indefinite.
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Algorithm 5.2 Sparse case
DefineV=A;C=D; R=L; T=0D
Algorithm 3.1 Dense case

Define V=A4;C=D fori=1,...,m do
if Vie # 0 then
fori=1,...,m do p=(VieC)T
p=(VieC)" Tii =Dii+Viep
Tii = Dii + Viep w=(1/Ti)p
u=(1/Ti)p C—C—up®
C—C—up’ for j=i¢+1,...,m do
for j=i+1,...,m do if Lj; #0 then
Vie = Vije — LjiVie Vie = Vje — LjiVie
Rji = Lji + Vjeu Rj;=Lji +Vjeu

Fig. 1. Updating the triangular factors

Updating the Triangular Factors Suppose we have the factorization
AHAT = LDL". Now, we want to compute R and T so that AKAT = LDL™ +
ADAT = RTRT. Since the sparsity structure of AKA”T is the same as for
AHAT | sparsity structure of R is the same as for L. An algorithm for updating
factors of dense and sparse matrices is given in Baryamureeba and Steihaug [I].
For algorithms updating factors of dense matrices see [I] and references therein.
We state the algorithms in Figure 1. The sparse-case algorithm is very effective
when there are either many zero rows in A or few nonzero elements in the unit
lower triangular factor L.

The major computation in an interior point algorithm is in solving linear
systems. Demmel et al. [4] discuss parallel algorithms for conjugate gradients and
computing Cholesky factors. The construction of the preconditioner (updating
of the triangular factors) can be done in parallel.

4 Numerical Results

Here, we give some numerical results using the same implementation details as
in [2]. The test problems are from the Netlib set [5] of linear programs. The test
code is implemented in MATLAB

The variable € is a proximity measure of the interior point iterations to a
solution of the linear programming problem and 7 is the number of iterations
(or corrections) allowed for the preconditioned conjugate gradient method. The
percentages in Table [Tl are based on that approximately half of the direct solves
are replaced by an iterative solution. The gain is therefor approximately the ratio
of the difference between the two methods and half of the total time. The results
in Table [ show that the mixed primal-dual Newton (mixed PDN) interior-
point method, which alternatively uses a direct (Cholesky factorization) method
and a preconditioned (with the preconditioner described in Section 3) conjugate
gradient method to solve (2)), competes favourably with the primal-dual Newton
(PDN) interior-point method on large-scale problems.
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Problem|Rows|Columns PDN Mixed PDN |Gain
name |(m) |(n) iter|cpu-time/iter|cpu-time| %
czprob |737 3141 56 [89.01 59 [59.58 66
d2q06¢ (2171 [5831 54 |544.85 |57 |421.33 45
d6cube 404 |6184 42 |317.58 |45 (239.16 51
stocfor2 |2157 |3045 41 |113.26 |44 |98.05 27
scsd8 397 2750 16 (21.41 19 (17.49 37

Table 1. Comparison of two implementations of primal-dual Newton interior
point method. If € > 0.1 then 7 = 7, otherwise 7 = 40. Fixed value of ¢ =
67 q1 = 3.

The numerical results show that the mixed PDN method is promising and
merits further study. In this paper the mixed PDN method is based on the
odd-even alternation technique. Other dynamic alternation schemes [10]] which
could be based on the easily computable bounds on condition numbers should
be investigated.
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