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Highlights

• Emtricitabine, tenofovir and atazanavir is the most effective yet most

toxic combination in treating HIV/HBV coinfection.

• Emtricitabine, tenofovir and lopinavir is least effective while lamivu-

dine, tenofovir and lopinavir is least toxic

• Nevirapine is highly toxic yet less effective compared to efavirenz

• Optimal combination that balances toxicity and efficacy emtricitabine,

tenofovir and efavirenz
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Abstract

Enzyme alanine aminotransferase (ALT) elevation which reflects hepatocel-

lular injury is a current challenge in people infected with human immunode-

ficiency virus (HIV) on antiretroviral therapy (ART). One of the factors that

enhance the risk of hepatotoxicity is underlying diseases such as hepatitis

caused by hepatitis B virus (HBV). HIV/HBV coinfected patients stand a

greater risk of hepatotoxicity because all ART are toxic and liver cells (hep-

atocytes) that are responsible for metabolising the toxic ART, support all

stages of HIV and HBV viral production. Mathematical models coupled with

numerical simulations are used in this study with the aim of investigating

the optimal combination of ART in HIV/HBV coinfection. Emtricitabine,

tenofovir and efavirenz is the optimal combination that maximises the ther-

apeutic effect of therapy and minimises the toxic response to medication in

HIV/HBV coinfection.
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1. Introduction

Worldwide, close to 10% of all people infected with Human Immunodeficiency

Virus (HIV) are also chronically coinfected with hepatitis B virus (HBV)

[1, 2, 3]. HBV alone is the leading cause of chronic liver disease and also the

leading cause of death as it accounts for up to half of all cases of cirrhosis

and hepatocellular carcinoma [4].

HBV and HIV have common routes of transmission and endemic areas,

though HBV is about 100 times more infectious than HIV [3, 5]. HIV/HBV

coinfection increases the morbidity and mortality beyond those caused by

either infection alone [4]. Coinfection with HIV totaly changes the natural

history of HBV infection with higher serum HBV DNA and higher rates of

cirrhosis, especially in those with low CD4+ T cell counts [6].

There are few studies that have examined the interaction between HIV and

HBV in vitro. However, it is assumed that HIV infection of human hepato-

cytes has contribution towards HBV viral life cycle [7]. In countries where

antiretroviral therapy (ART) is now available, liver failure has emerged as a

major cause of death in HIV-infected individuals [1].

Although, liver disease can occur solely due to HIV infection [8, 9, 10, 11],

the use of ART has been highly associated with end stage liver disease in

HIV/HBV coinfected people [12, 13]. According to Wit et al. [14], virtually

every licensed antiretroviral drug has been associated with liver enzyme el-

evation. The complexity among HBV/HIV coinfected patients is enhanced

by the choice of drugs, [3, 15], because the drug should have a dual antiviral

activity towards both viruses.
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Hepatocytes that are responsible for drug metabolism [16], support all stages

of HIV and HBV production [10, 11, 17]. The role played by hepatocytes

in handling toxic drug substances, makes them vulnerable to drug induced

liver injury (hepatotoxicity) and consequently, cell death [16, 18, 19]. In their

study, Powderly et al. [15] analyse a number of drugs used as therapy for

HIV/HBV coinfection, including, Lamivudine and Tenofovir. They suggest

that, since patients do not receive individual drugs but combinations, more

attention needs to be paid to whether certain combinations carry a greater

risk of liver toxicity, especially in HIV/HBV coinfected people.

Mathematical models have been used over the years, to inform medical epi-

demiologists and pubic health, of the interplay between variables that deter-

mine the course of the infection and the variables that control the pattern

of infection, within an individual or communities of people. Stochastic and

deterministic mathematical models such as Anderson et al. [20], Wodarz and

Nowak, [21], Nowak and Bangham, [22], Perelson et al. [23], Nampala et al.

[8], Gumel et al. [24], Nampala et al. [25], have been used to understand the

dynamics of HIV and the immune system.

In order to understand the dynamics of HBV in the liver, the basic virus

infection model (BVIM) of HBV, which considers mass action cell infection

of the virus as well as constant recruitment of hepatocytes, was develpoed

by Nowak et al. [17]. This model has been improved by a number of studies

such as Su et al. [26], Ciupe et al. [27], Hattaf et al. [28], Colombatto et

al. [29], Long et al. [30], Hews et al. [31], to either replace the constant

recruitment by a logistic term or the mass action by standard incidence rate.

Much as HIV and HBV share the same means of transmission [3], and their

co-existence is a current global burden, especially, with the use of ART [2],

the immune dynamics of the coexistence has not yet attracted much atten-

tion from mathematical modellers. Although, Bowong et al. [32] studies
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HIV/HBV dynamics on a population level, there is need to study the im-

munodynamics of the coinfection, since it has been and is still a challenge,

especially after initiation of therapy.

In this study therefore, we develop a mathematical model and use numerical

simulations to study the therapeutic as well as toxic effect of the currently

used HIV/HBV therapy, and consequently derive an optimal combination

in treating the coinfection. Hepatic necrosis (death of hepatocytes due to

use of ART) is considered. Drugs under study include Emtricitabine (FTC),

lamivudine (3TC) and tenofovir (TDF), as backbone of necleoside reverse

transcriptase inhibitors (NRTI) [3]. These are combined with either efavirenz

(EFV)/nevirapine (NVP) in non-necleoside reverse transcriptase inhibitors

(NNRTI)-based regimen or with atazanavir (ATV)/lopinavir (LPV) in PI-

based regimen.

2. Model development

The study assumes that at the instant of infection, a healthy cell cannot

get simultaneously infected by both viruses. It gets infected with one virus

at a time before it gets infected with the other. We further assume that

much as the cytotoxic T lymphocytes (CTLs) are able to cure HBV in HBV-

monoinfection, this does not happen in HIV/HBV coinfected cells. CTLs are

considered to be multispecific, that is, they are able to attack cells infected

by either virus [3]. When hepatocytes are destroyed by HIV, HBV or CTLs,

enzyme alanine aminotransferase (ALT) is detected in the blood of HIV/HBV

infected people. The value of ALT in the blood stream is generally taken to

be an indicator of the liver cell damage [30]. We assume that the higher the

ALT levels, the faster the progression of liver disease [33]. We also assume no

latent infection in either type of cells due to the fact that coinfection changes

the dynamics of either infection alone [3, 6, 34]. Apart from hepatocytes,
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HIV production from all other liver cells and macrophages [35] are assumed

to contribute least to the viral population [36], hence, they are ignored.

In the model formulation, we define ten variables as shown in Table 1.

Table 1: Variables for the HIV/HBV model.

Variable Description

Tc Activated CD4+ cells

Ic Infectious CD4+ cells

Th Uninfected hepatocytes

IhH Hepatocytes infected by HIV

IhB Hepatocytes infected by HBV

IhBH Hepatocytes infected by both HIV and HBV

L Cytotoxic T lymphocytes

VH HIV viral population

VB HBV viral population

A Level of enzyme alanine aminotransferase (ALT) in the blood

The interaction between the variables in Table 1 is shown in the compart-

mental diagram in Figure 1.

Uninfected CD4+ cells are produced from within the bone marrow at rate

λ1 and are infected by HIV at an average rate βH1. When HIV infects the

liver, there is a probability (p) that it infects a hepatocyte and a probability

1− p that it infects a CD4+ cell. All CD4+ cells (healthy and infected) die

naturally at rate d1, infectious CD4+ cells die due to infection at rate d2,

where d2 > d1 and are killed by CTLs at rate k1. Uninfected hepatocytes are

produced from within the body at rate λ2 and are infected by HIV and HBV

at a rate βH2 and βB respectively. All hepatocytes (healthy and infected) die

naturally at a rate d3. Hepatocytes infected by HBV are cured by CTLs at
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Figure 1: Compartmental diagram for within-host dynamics of HIV/HBV.

a rate k3. Hepatocytes infected by only HIV die due to infection at a rate

d4, are killed by CTLs at a rate k2 and are infected by HBV at a rate βB.

Hepatocytes infected by HBV are infected by HIV at rate βH2, are killed

by CTLs at rate k4 and die due to infection at rate d5. Hepatocytes dually

infected by both HIV and HBV (IhBH) die due to either infection at rate d6

and are killed by CTLs at a rate k5. The death rate of all infectious cells is

the sum of natural and infection related death rates.

The interaction of CTLs (L) with infected cells is considered linear as in [22].

It is assumed that a fraction γ of the dually infected hepatocytes die due

to HBV. CTLs proliferate naturally at rate x and due to infectious cells at

rate k6 and are cleared from the body at rate d7. n1 and n2 are the number

of hepatitis B virions produced by a single dying HBV monoinfected and

HBV/HIV coinfected cells respectively. HBV is cleared from the body at

rate d8. Both hepatocytes and CD4+ cells support the last stage of HIV
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production. Thus, HIV is produced from both HIV-infected hepatocytes and

infected CD4+ cells. s1, s2 and s3 are the numbers of HIV virions produced

by a single dying HIV infected CD4+ cells, HIV monoinfected hepatocyte

and HIV/HBV coinfected hepatocyte respectively. HIV virions are cleared

naturally from the body at rate d9. ALT (A) in the blood is contributed

by infection-induced death of hepatocytes. k7 is the average amount of ALT

per hepatocyte and ALT is cleared from the blood naturally at rate d10. We

therefore have the following system of ordinary differential equations:

dTc
dt

= λ1 − (1− p)βH1TcVH − d1Tc, (2.1)

dIc
dt

= (1− p)βH1TcVH − (d1 + d2)Ic − k1IcL, (2.2)

dTh
dt

= λ2 − pβH2ThVH − βBThVB − d3Th + k3IhBL, (2.3)

dIhH
dt

= pβH2ThVH − (d3 + d4)IhH − k2IhHL− βBIhHVB, (2.4)

dIhB
dt

= βBThVB − (d3 + d5)IhB − (k3 + k4)IhBL− βH2IhBVH , (2.5)

dIhBH
dt

= βH2IhBVH + βBIhHVB − (d3 + d6)IhBH − k5IhBHL, (2.6)

dL

dt
= x+ k6(Ic + IhH + IhB + IhBH)L− d7L, (2.7)

dVB
dt

= n1d5IhB + n2γd6IhBH − d8VB, (2.8)

dVH
dt

= s1d2Ic + s2d4IhH + s3(1− γ)d6IhBH − d9VH , (2.9)

dA

dt
= k7(d5IhB + k4IhBL+ d6IhBH + d4IhH + k2IhHL)− d10A.(2.10)
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Par Description Value Source

λ1 rate of creation of CD4+ from within the body 10(ml)−1 [37]

p probability that hepatocyte becomes productively infected 0.3 Estimate

βH1 rate of transmission of HIV in CD4+ 0.00015(ml)−1 [37]

d1 natural death rate of uninfected CD4+ 0.01(ml)−1 [38]

d2 death rate of infected CD4+ due to HIV infection 0.5(ml)−1 [21]

k1 rate at which CTLs kill infectious CD4+ 50(ml)−1 [39]

λ2 rate of creation of hepatocytes from within the body 27200(ml)−1 [27]

βH2 rate of transmission of HIV in hepatocytes 1.0x10−8(ml)−1 Estimate

βB rate of transmission of HBV in hepatocytes 0.005(ml)−1 [30]

d3 natural death rate of hepatocytes 0.002(ml)−1 [30]

k3 rate at which hepatocytes are cured of HBV by CTLs 6000(ml)−1 [30]

d4 death rate of hepatocytes due to HIV infection 0.5(ml)−1 estimate

k2 rate at which CTLs kill infectious hepatocytes 50(ml)−1 estimate

d5 death rate of hepatocytes due to HBV infection 0.5(ml)−1 estimate

k4 rate at which hepatocytes are killed by CTLs 20(ml)−1 [30]

d6 death rate of hepatocytes due to HIV/HBV coinfection 0.15(ml)−1 estimate

k5 rate at which coinfected hepatocytes are killed by CTLs 10(ml)−1 estimate

x antigen-independent CTLs proliferation rate 10(ml)−1 [24]

k6 antigen-dependent proliferation rate of CTLs 0.25(ml)−1 [40]

d7 rate of clearance of CTLS by all means 0.05(ml)−1 [41]

n1 average number HBV produced by a dying HBV infected hep-

atocyte

204(ml)−1 [27]

n2 average number HBV produced by a dying HIV/HBV infected

hepatocyte

50 estimate

d8 clearance rate of HBV 0.67(ml)−1 [27]

s1 average rate of production of virions by an infected CD4+ 50000(ml)−1 [42]

s2 average rate of production of virions by an infected hepatocyte 5000(ml)−1 Estimate

γ fraction of HIB/HBV infected hepatocytes that die due to

HBV

0.3 Estimate

d9 death rate of HIV 2(ml)−1 [21]

k7 Average amount of ALT per hepatocyte 2000(ml)−1 [30]

d10 rate of clearance of ALT from blood system 0.25(ml)−1 [30]
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3. Model Analysis

3.1. Positivity and boundedness of solutions of HIV/HBV model

With initial conditions Tc0 > 0, Ic0 > 0, Th0 > 0, IhH0 > 0, IhB0 > 0,

IhBH0 > 0 L0 > 0, VB0 > 0, VH0 and A0 > 0, the solutions for Th, Ic, Th,

IhH , IhB, IhBH , L, VB, VH and A respectively, remain positive and bounded

provided t > 0. Take the total number of CD4+ cells be NC and that of

hepatocytes be NH then
dNC

dt
=
dTc
dt

+
dIc
dt

Thus

dNC

dt
= λ1 − d1NC − k1IcL− d2Ic − k1ICL
≤ λ1 − d1NC

Since all parameters are considered positive, then

NC <
λ1
d1

+ (NC0 −
λ1
d1

)e−d1t

Where NC0 is the number of CD4+ cells at the point of infection. When

NC0 >
λ1
d1

then as t → ∞ then NC → (λ1
d1

)+ and vice versa. Calculating the

total number of hepatocytes (NH)in the same way, it can be shown that

NH <
λ2
d3

+ (NH0 −
λ2
d3

)e−d3t

where NH0 is the total number of hepatocytes at the time of infection.

Considering the number of CTLs,

dL

dt
= x+ k6(Ic + IhH + IhB + IhBH)L− d7L

10
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Assuming that λ1
d1

= ϑ1 and λ2
d3

= ϑ2, then hepatocytes are bounded by ϑ2

and CD4+ cells are bounded by ϑ1. Thus

dL

dt
< x+ k6(ϑ1 + ϑ2)L− d7L
< x− (d7 − k6ϑ)L

L <
x

d7 − k6ϑ
+ (L0 −

x

d7 − k6ϑ
)e−(d7−k6ϑ)t

given that ϑ = ϑ1 +ϑ2. Where L0 is the number of cytotoxic T lymphocytes

when there is no infection in the liver. CTLs are bounded given that d7 > k6ϑ

dVB
dt

= n1d5IhB + n2γd6IhBH − d8VB
dVB
dt

< n1d5ϑ2 + n2γd6ϑ2 − d8VB
dVB
dt

< (n1d5 + n2γd6)ϑ2 − d8VB
dVB
dt

< η − d8VB

VB <
η

d8
− (VB0 −

η

d8
)e−d8t

where η = (n1d5 + n2γd6)ϑ2. Therefore VB is bounded.

dVH
dt

= s1d2Ic + s2d4IhH + s3(1− γ)d6IhBH − d9VH
dVH
dt

< s1d2ϑ1 + s2d4ϑ2 + s3(1− γ)d6ϑ2 − d9VH
dVH
dt

< π − d9VH

VH <
π

d9
− (VH0 −

π

d9
)e−d9t

where π = s1d2ϑ1 + s2d4ϑ2 + s3(1− γ)d6ϑ2.

dA

dt
= k7(d5IhB + k4IhBL+ d6IhBH + d4IhH + k2IhHL)− d10A

A is defined by bounded variables IhB, L, IhBH and IhH , we can therefore

deduce that it is also bounded by some ϑ3 where ϑ3 = max{ϑ1, ϑ2, ϑ}

11



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

We can therefore deduce that the feasible solutions of HIV/HBV model start-

ing in the region Θ, stay and remain in the region, where

Θ = (Tc, Ic, Th, IhH , IhB, IhBH , L, VB, VH , A) ∈ R10

(Tc + Ic) <
λ1
d1
, (Th + IhH + IhB + IhBH) <

λ2
d2

L < ϑ, VB <
η

d8
, VH <

π

d9
, A < ϑ3}.

3.2. Existence and stability analysis of disease-free equilibrium of HIV/HBV

model

It is possible that both viruses may not exist in the liver (VB = VH = 0). In

this case the model represented by a system of equations (A.7) - (A.13) to

have a disease-free equilibrium (Df ) given by

Df = (Tc, Ic, Th, IhH , IhB, IhBH , L, VB, VH , A) = (λ1/d1, 0, λ2/d3, 0, 0, 0, x/d7, 0, 0, 0)

(3.1)

The basic reproductive number (R0), can be calculated using the next gen-

eration method (Appendix A) as by [43] and is given as

R0 = max{RH
0 , R

B
0 }. (3.2)

where RH
0 = RH

0h +RH
0c and

RB
0 =

d7λ2βBn1d5
d3d8(d3d7 + d5d7 + k4x+ k3x)

.

RH
0h =

(1− p)d7λ2βH2s2d4
d3d9(d3d7 + d4d7 + k2x)

RH
0c =

pd7λ1βH1s1d2
d1d9(d2d7 + d1d7 + k1x)

RB
0 and RH

0 are basic reproduction numbers of HBV monoinfection and HIV

monoinfection respectively. The basic reproduction number is the expected
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number of secondary infections produced by one infected individual cell in a

totally activated cell population. R0 as computed using the next generation

method is defined as the spectral radius of the next generation matrix. HIV

and HBV infect cells independent of the existence of the other infection. Thus

each virus has its own number of secondary infections. Considering that R0 is

a spectral radius and a threshold parameter, the highest number of secondary

infections among the two has to be considered. Thus, during coinfection, the

number of secondary infections of an infectious cell in a purely activated cell

population, is equivalent to the number of secondary infections arising from

the dominant virus, if it were to infect the cell in the absence of the second

virus.

Clinically in any multiple infections, the predominant virus is the one that

is symptomatically seen. Test results will show the coexisting infections,

though the symptoms will not be visible. Thus the maximum effect observed

is not the sum of the two or more infections but the one that predominates

in its expression is the one that will be seen clinically.

Using Theorem 2 of van den Driessche and Watmough [43], we establish the

following result

Theorem 1. The disease-free equilibrium Df is locally asymptotically stable

when R0 < 1 and unstable when R0 > 1.

3.3. Global stability of disease-free equilibrium of HIV/HBV coinfection.

To study the global behavior of system (A.7)-(A.13) we use a Theorem by

[44] as shown in Appendix B.
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Rewriting system (A.7)-(A.13) in the form of equation (B.1) we have

X = (Tc, Th, L, A),

Z = (Ic, IhH , IhB, IhBH , VB, VH),

and

F (X, 0) =




λ1 − d1Tc
λ2 − d3Th
x− d7L
−d10A




(3.3)

M = DZG(X∗, 0) is given by

M =




c1 0 0 0 0 (1−p)βH1λ1
d1

0 c2 0 0 0 pβH2λ2
d3

0 0 c3 0 βBλ2
d3

0

0 0 0 c4 0 0

0 0 n1d5 n2γd6 −d8 0

s1d2 s2d4 0 s3(1− γ)d6 0 −d9




, (3.4)

where

c1 = −d1 − d2 − k1x
d7

, c2 = −d3 − d4 − k2x
d7

, c3 = −d3 − d5 − (k3+k4)x
d7

and

c4 = −d3 − d6 − k5x
d7

.

Ĝ(X,Z) defined as Ĝ(X,Z) = MZ −G(X,Z) is given by

Ĝ(X,Z) =




Ĝ1(X,Z)

Ĝ2(X,Z)

Ĝ3(X,Z)

Ĝ4(X,Z)

Ĝ5(X,Z)

Ĝ6(X,Z)




=




0

βBIhHVB

βH2IhBVH

−k5xIhBH − βH2IhBVH − βBIhBVB
0

0




. (3.5)
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It can be seen that since Ĝ4(X,Z) < 0 then, Ĝ(X,Z) < 0 and according to

the second condition H(2) in Theorem B, the disease-free equilibrium may

not be globally asymptotically stable.

However, if the system (A.7)-(A.13) is revised to exclude the coinfected hep-

atocytes (IhBH), then we obtain

Z = (Ic, IhH , IhB, VB, VH)

from which we obtain the corresponding matrix A (X remains as above) and

hence calculate Ĝ(X,Z) as

Ĝ(X,Z) =




0

βBIhHVB

βH2IhBVH

0

0



. (3.6)

For this case Ĝ(X,Z) ≥ 0 hence we derive the following result

Theorem 2. If there are no hepatocytes that are infected by both HIV and

HBV at the same time, then the disease-free equilibrium of HIV/HBV coin-

fection is globally asymptotically stable.

4. Sensitivity Analysis

According to Chitnis et al. [45], the transmission of a virus is directly related

to the basic reproductive number. In order to ascertain the importance of

each parameter to the basic reproductive number, we compute sensitivity

indices of all the parameters in the model. Sensitivity indices will show how

important each parameter is, in transmitting the viruses. A highly sensitive

parameter should be carefully estimated because a small variation in that
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parameter will lead to large quantitative changes and may even produce

qualitatively different results. An insensitive parameter, on the other hand,

does not require as much effort to estimate as a small variation in that

parameter will not produce large changes to the quantity of interest. The

normalized forward sensitivity index of a variable to a parameter is the ratio

of the relative change in the variable to the relative change in the parameter

[45]. That is,

ΥV
p =

∂V

∂p
· p
V

(4.1)

where V is the variable and p is the parameter.

We derive the values of the sensitivity of R0 to each of the 30 parameters

in the model,using partial derivatives as in equation 4.1. Sensitivity indices

are shown in Table 2. The parameters of interest will largely depend on the

dominant virus. For example, if HIV is the dominant virus in the liver, then

the parameters to be controlled will be those that will have large magnitudes

in RH
0 [46].

From Table 3 it can be seen that if R0 is dominated by HIV infection (RH
0 ),

the most sensitive parameters are the rate of hepatocytes cells recruitment

(λ2), the burst size of HIV-infected hepatocytes (s2), the rate at which HIV

infect hepatocytes cells (βH2), the death rate of hepatocytes due to infection

(d4) and rate of clearance of CTLs (d7), rate at which CTLs kill HIV infected

hepatocytes (k2), antigen-independent proliferation rate (x), natural death

rate of hepatocytes (d3). For example, increasing or decreasing λ2 by 10%

would result in a 9.997% increase or decrease in R0. For parameters that

have negative indices, it implies that R0 decreases with increase in those

parameters. Basing on negative indices in Table 3, it implies that, much as

HIV infects both hepatocytes and CD4+ cells, during coinfection with HBV,

the rate of progression of the disease largely depends on HIV dynamics in

hepatocytes. This could possibly be due to the fact that both HIV and HBV
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Table 3: Sensitivity indices of RH
0 and RB

0 to parameters of HIV/HBV model evaluated

at parameter values given in Table 2.

Parameter

(p)

Υ
RH

0
p Υ

RB
0

p Parameter

(p)

Υ
RH

0
p Υ

RB
0

p

λ1 3.1503 · 10−4 0 x -1 −0.001

p -0.4281 0 k6 0 0

βH1 3.1503 · 10−4 0 d7 0.9997 1

d1 −3.1503·10−4 0 n1 0 1

d2 3.1503 · 10−4 0 n2 0 0

k1 −3.1503·10−4 0 d8 0 −1

λ2 0.9997 1 s1 3.1503 · 10−4 0

βH2 0.9997 0 s2 0.9997 0

βB 0 1 d9 -1 0

d3 -0.9997 −1 k7 0 0

k3 0 −0.9967 d10 0 0

d4 0.9996 0 s3 0 0

k4 0 −0.0033 k2 -0.9996 0

d6 0 0 d5 0 1

k5 0 0 γ 0 0

infect hepatocytes [9, 31]. If HIV progresses very fast in hepatocytes then

the coinfection is enhanced, since there is enough evidence that HIV has a

great impact on HBV progression [34].

However, if R0 is dominated by HBV infection (RB
0 ) then the most sensitive

parameters include: rate of HBV infection (βB), recruitment rate of hepato-

cytes (λ2), the death rate of hepatocytes due to HBV infection (d5), the burst

size of hepatocyte due to HBV infection (n1) and clearance rate of CTLs (d7),

the clearance rate of HBV (d8), natural death rate of hepatocytes (d3) and
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the rate at which CTLs cure HBV-infected hepatocytes (k3).

It can be seen that some parameters have no significance in reducing the

basic reproductive number, regardless of whether it is dominated by either

infection, these include antigen-dependent proliferation rate of CTLs (k6),

the number of HBV virions produced by an HIV/HBV coinfected hepatocyte

(n2), death rate of hepatocytes due to HIV/HBV coinfection (d6), rate at

which CTLs kill HIV/HBV coinfected hepatocytes (k5), rate of generation of

ALT from infected hepatocytes (k7), rate of clearance of ALT (d10), number

of HIV virions produced by a single HIV/HBV coinfected hepatocytes (s3)

and the fraction of HIV/HBV coinfected hepatocytes that produce HBV

virions (γ).

5. HIV/HBV coinfection model with antiretroviral therapy

The WHO [3], recommended drugs for first line regimens include 2NRTI +

1NNRT or 2NRTI +1PI, though the former is preferred . NRTI component

include tenofovir (TDF) plus lamivudine (3TC) or emtricitabine (FTC), the

NNRTI component include efavirenz (EFV) or nevirapine (NVP) and the PI

component include atazanavir (ATV) or lopinavir (LPV).

TDF (combined with 3TC or FTC) is the most preferred drug since it is

active against both HBV and HIV [3]. Wit et al. [14], recommend that

as new antiretroviral agents become available, there is need for studies that

compare the hepatotoxicity of antiretroviral agents, since the consequences

are life-threatening. We therefore rewrite the system of equations (A.7)-

(A.13) to include therapeutic and toxic effects of therapy.

The therapeutic function as given in Nampala et al. [25], is defined by

φ =
dm

dm + ICm
50

(5.1)
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where φ is the drug efficacy fraction, d is the drug dose concentration, IC50

is the drug concentration that leads to 50% of the maximal viral inhibition

and m is the gradient of the dose-response curve.

The toxic function as in Nampala et al. [47], is defined as

ψ =
dm

dm + TDm
50

(5.2)

ψ is the drug toxicity fraction, d is the drug dose in mg/kg, TD50 is the dose

at which toxicity occurs in 50% of exposed cases and m is the gradient of

the dose-response curve. Effectiveness of reverse transcriptase inhibitors and

protease inhibitors are represented by drug efficacies φ1 and φ2 respectively.

With therapeutic and toxic functions as defined above and all the assump-

tions stated, we arrive at the following system of differential equations

dTc
dt

= λ1 − (1− φ1)(1− p)βH1TcVH − d1Tc,
dIc
dt

= (1− φ1)(1− p)βH1TcVH − (d1 + d2)Ic − k1IcL,
dTh
dt

= λ2 − (1− φ1)pβH2ThVH − (1− φ1)βBThVB − d3Th + k3IhBL− ψTh,
dIhH
dt

= (1− φ1)pβH2ThVh − (d3 + d4)IhH − k2IhHL− (1− φ1)βBIhHVB − ψIhH ,
dIhB
dt

= (1− φ1)βBThVB − (d3 + d5)IhB − (k3 + k4)IhBL− (1− φ1)βH2IhBVH − ψIhB,
dIhBH
dt

= (1− φ1)βH2IhBVH + (1− φ1)βBIhHVB − d3IhBH − ψIhBH ,
dL

dt
= x+ k6(Ic + IhH + IhB)L− d7L,

dVB
dt

= (1− φ2)n1d5IhB − d8VB,
dVH
dt

= (1− φ2)s1d2Ic + (1− φ2)s2d4IhH − d9VH ,
dA

dt
= k7(d5IhB + k4IhBL+ +d4IhH + k2IhHL+ ψ(Th + IhH + IhB + IhBH))− d10A.
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6. Numerical simulations of HIV/HBV coinfection

Numerical simulations are used to assess the dynamics of the coinfection and

parameter values used are as shown in Tables 2, 4, 5 and 6

Table 4: Dosage of ART in micro moles and mg/kg as used in efficacy and toxic equations

respectively.

Medication d [µ M] dose [mg/kg] Reference

Lamivudine (3TC) 21.8105 5 [48], [49]

Emtricitabine (FTC) 13.347 3.3333 [48],[50]

Tenofovir (TDF) 7.8676 5 [48],[51]

Efavirenz (EFV) 31.67767 10 [48],[52]

Nevirapine (NVP) 12.5171 3.3333 [48],[53]

Atazanavir (ATV) 7.0932 5 [48],[54]

Lopinavir (LPV) 10.496 6.6667 [48],[55]

Table 5: Gradient (m) and IC50 as used in efficacy and toxic equations.

Medication m IC50 [µM] Reference

Lamivudine (3TC) 1.15 0.1823 [56]

Emtricitabine (FTC) 1.18 0.0074 [56]

Tenofovir (TDF) 0.97 0.1684 [56]

Efavirenz (EFV) 1.69 0.0054 [56]

Nevirapine (NVP) 1.55 0.0814 [56]

Atazanavir (ATV) 2.69 0.0136 [56]

Lopinavir (LPV) 2.05 0.0358 [56]

Figure 2 shows the impact of coinfection on the dynamics of the immune

response and the level of ALT in the blood system. During coinfection, there
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Table 6: TD50 as used in toxic equation.

Medication TD50 [mg/kg] Reference

Lamivudine (3TC) 39.102 [57],[58]

Emtricitabine (FTC) 65.04 [59],[58]

Tenofovir (TDF) 25 [60],[58]

Efavirenz (EFV) 17 [61],[58]

Nevirapine (NVP) 30.4878 [62],[58]

Atazanavir (ATV) 60 [63],[58]

Lopinavir (LPV) 33.333 [64],[58]

is high demand for immune activity, thus, there is higher proliferation rate of

CTLs than during monoinfection. With monoinfection, as shown in Figure 2,

there are more immune cells during HBV infection than HIV infection. This

confirms that HBV stimulates immune response more than HIV, because

HBV is more infectious than HIV [5].

Figure 2 also shows that during monoinfection, the level of ALT is higher

during HIV than HBV infection. HIV infects both hepatocytes and CD4+

cells [11] unlike HBV that infects only hepatocytes [65]. This results in

higher HIV load and consequently more infected hepatocytes, hence higher

ALT. During coinfection however, the level of ALT is higher than either

monoinfection throughout the infection period.

We assume that when HIV/HBV medication is used in combination, the ad-

ditive drug interaction yield a synergetic efficacy [66]. Steady state conditions

are considered.

Wit et, al [14], state that 3TC and FTC have the same efficacy, yet [67] argue

that 3TC + FTC have low additive antiviral activity, thus, they should not be

used together. However, we still analysed the combination on the assumption
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Figure 2: Impact of coinfection on immune system and ALT level in the absence of ther-

apy. Vertical axes represent variables while the horizontal ones represent time in days.

Parameter values are as shown in Table 2

that their additive toxicity might not be equally low or high.

In PI-based regimen, simulation results in Figures 4 show that the combina-

tion of 3TC and FTC together with either ATV or LPV indeed have nearly

the same effect in controlling HBV load, however, it is not same for HIV
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Figure 3: HIV/HBV coinfection dynamics when NNRTI-based regimen is administered

with toxic effect of the therapy incorporated. Parameter values are as shown in Table 2.
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Figure 4: HIV/HBV coinfection dynamics when PI-based regimen is administered with

toxic effect of the therapy incorporated. Parameter values are as shown in Table 2.
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load. On the other hand, combining the two lead to a higher HBV load (due

to low antiviral activity, [67]), though, this is not the case for HIV load.

If we consider that FTC and 3TC should not be combined, the combination

of TDF and ATV is best in reducing the viral load, though 3TC works

better for HBV while FTC is good for HIV. The combination that gives low

HIV levels also results in low HIV infected hepatocytes and consequently

higher uninfected CD4+ cells, though, it does not give the lowest infected

CD4+ cells. However in HBV, the combination that gives the lowest HBV

load does not give the lowest HBV infected hepatocytes or highest healthy

hepatocytes. This would be due to the fact that the existence of HIV changes

the dynamics of HBV [14]. For either virus, ATV has better efficacy than

LPV when combined with the same NRTIs. Despite the low additive efficacy

of 3TC combined with FTC, if combined with ATV, the efficacy is stronger

than other NRTIs combined with LPV. The most effective combination in

reducing HIV viral load is FTC + TDF + ATV, while 3TC+ FTC + ATV

is best for HBV viral load.

The level of toxicity of various ART combinations were assessed by the level

of enzyme alanine aminotransferase in the blood system [68]. Much as 3TC

and FTC have the same antiviral activity, their toxic effects are not so close.

Simulation results also indicate that the combination of FTC + TDF + ATV

is the most toxic while 3TC + TDF + LPV is the least toxic in PI-based

regimen.

In NNRTI-based regimens, simulation results in Figure 3 (zoomed), show

that NVP is more effective than EFV in reducing HBV while the reverse

is true for HIV. 3TV+TDF+NVP is the most effective in reducing HBV

load while FTC+TDF+EFV is best in reducing HIV load. The most toxic

combination is FTC+TDF+EFV.
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The combination that gives high HBV load consequently lead to high HBV in-

fected hepatocytes, however, the same combination gives the highest healthy

heaptocytes. On the other hand the combination that gives the highest HIV

load, does not give the highest number of HIV infected CD4+ cells or HIV

infected hepatocytes, neither does it give the lowest healthy CD4+ cells.

This is an indication that there is no straightforward approach to obtaining

the best combination that will give the least viral load and consequently the

improved number of healthy cell. We thus investigate the optimal solution

that will give a reduction in the number of infected cells while reducing on

the level of alanine aminotransferase.

7. Optimisation

We investigate the optimal combination that will maximize the the improve-

ment that medication brings to the users while side effects (hepatotoxicity)

are considered. Numerical simulations have shown that the level of ALT in

the blood during medication is less than the level of ALT when no medication

is used. This is due to the reduction in the number of cells that die due to

infection.

The optimal goal is to maximize the percentage reduction in the number of

HIV-infected hepatocytes, HBV-infected hepatocytes and the level of ALT

in the blood, as a result of using ART. CD4+ cells are ignored because they

have no direct contribution to the level of ALT in the blood. We suppose

that

IhH(imprv) =

∣∣∣∣
IhH(tr)− IhH(Notr)

IhH(Notr)

∣∣∣∣ ,

IhB(imprv) =

∣∣∣∣
IhB(tr)− IhB(Notr)

IhB(Notr)

∣∣∣∣ ,

A(imprv) =

∣∣∣∣
A(tr)− A(Notr)

A(Notr)

∣∣∣∣ .
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Optimal Goal

max{IhH(imprv) + IhB(imprv) + A(imprv)},

where IhH(imprv), IhB(imprv) and A(imprv) are percentage reduction in

HIV-infected hepatocytes, HBV-infected hepatocytes and ALT respectively,

due to the use of therapy. IhH(tr), IhB(tr) and A(tr) are the numbers of

HIV-infected hepatocytes, HBV-infected hepatocytes and the level of ALT

respectively, when therapy is used. IhH(Notr), IhB(Notr) and A(Notr) are

the numbers of HIV-infected hepatocytes, HBV-infected hepatocytes and the

level of ALT respectively, when therapy is not used.

Steady state conditions were obtained after 30 days of therapy. The optimal

combination that gives the maximum improvement in the liver in 30 days of

using therapy is shown in Table 7.

From Table 7, it can be seen that the most optimal combination that gives

the highest percentage improvement in liver cells due to use of therapy is

FTC+TDF+EFV. This can also be verified in Figure 5, which shows the

improvement ratio achieved by a particular combination over time (computed

for the period 60-365 days marked on the x-axis). It is seen that if we assume

3TC and FTC should not be combined [69], then FTC +TDF +EFV gives the

best percentage improvement in the NNRTI regimen while FTC+TDF+ATV

is the best in PIs regimen.

8. Discussion

The aim of this study was to find the most toxic and least toxic combination

among HIV/HBV coinfection medication and consequently, investigate the

optimal combination in treating the coinfection.
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Figure 5: Improvement ratio achieved by all the combinations over time, with NNRTI-

based regimen (top panel) and PI-based regimen (bottom panel). The x-axis denotes days.
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Table 7: Percentage improvement in infectious hepatocytes and level of ALT due to the

use of therapy.

Combination Percentage improvement

3TC+FTC+EFV 6.6997

3TC+FTC+NVP 5.4054

3TC+TDF+EFV 4.0214

3TC+TDF+NVP 5.6728

FTC+TDF+EFV 18.0286

FTC+TDF+NVP 2.5096

3TC+FTC+ATV 2.7236

3TC+FTC+LPV 2.6489

3TC+TDF+ATV 6.8050

3TC+TDF+LPV 2.7417

FTC+TDF+ATV 2.7086

FTC+TDF+LPV 2.7279

Disease-free equilibrium of the HIV/HBV model was locally asymptotically

stable when the basic reproduction number was below unity and unstable

when above unity. However, the disease-free equilibrium was globally asymp-

totically stable only if there are no hepatocytes that are coinfected with both

viruses at the same time. Global stability depends on the number of cells

that were infected by the first virus before the second would infect them.

After inclusion of therapy, our findings to some extent concur with [67] gener-

ally, that 3TC+FTC have a low additive efficacy as their combination gives

the highest HBV load. 3TC + FTC + NVP gives the highest HIV viral

load in NNRTI-based regime. In PI-based regimen 3TC+FTC+LPV give

the highest HIV and HBV viral load. 3TC+FTC is much better when com-

bined with ATV than with LPV. Much as the combination has a low additive
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efficacy, it is less toxic than most other combinations.

The combinations that are most effective in reducing HBV load are not

equally good in reducing HIV load. This implies that both virus respond

differently to different antiretroviral drugs. At the same time, the low viral

load does not consequently result in the low number of infected cells as well

as higher healthy cells. It further suggests that the existence of two virus in

the liver changes the pathogenesis of either virus. The least effective combi-

nation does not also imply high toxicities, in other words the level of ALT

in the blood is not inversely proportional to effectiveness of the drug. Thus

different drugs carry different toxicities regardless of their effectiveness.

The simulations were also rerun with the most sensitive estimate parameters

to verify their influence on the model. It turns out that it influenced the speed

of infection in various ways but did not change the order of the combinations’

performance.

9. Conclusion

With HIV/HBV/ART co-existence, the study shows that 3TC +TDF is the

best baseline NRTI for HBV while FTC+TDF is best for HIV in either

regimen. The combination that is most effective in reducing HIV load is

at the same time the most toxic in either regimen. PIs are more effective

in reducing HIV and HBV load in the liver. Generally, NVP was highly

toxic while EFV was highly efficacious in reducing HIV/HBV load in the

liver. The therapy that is so good in reducing HIV load is the one that is

most toxic. The drug combination that optimizes efficacy and toxicity in

HIV/HBV coinfection was FTC+ TDF + EFV.
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Appendices

A. Basic Reproduction number

In the model equation (A.7)-(A.13), if we consider a case where the cells are

only infected with HBV, that is, VH = 0 = IC , then the system reduces to

an HBV-only model of the form

dTh
dt

= λ2 − βBThVB − d3Th + k3IhBL, (A.1)

dIhB
dt

= βBThVB − (d3 + d5)IhB − (k3 + k4)IhBL, (A.2)

dL

dt
= x+ k6IhBL− d7L, (A.3)

dVB
dt

= n1d5IhB − d8VB, (A.4)

dA

dt
= k7(d5IhB + k4IhBL)− d10A. (A.5)

The basic reproductive number (RB
0 ) of the system (A.1)-(A.5), is calculated

using the next generation method [43] as

RB
0 =

d7λ2βBn1d5
d3d8(d3d7 + d5d7 + k4x+ k3x)

. (A.6)
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Considering a scenario where IhB = IhBH = VB = 0 in the system (A.7) -

(A.13) then we have an HIV-only infection. The HIV-only model becomes

dTc
dt

= λ1 − (1− p)βH1TcVH − d1Tc, (A.7)

dIc
dt

= (1− p)βH1TcVH − (d1 + d2)Ic − k1IcL, (A.8)

dTh
dt

= λ2 − pβH2ThVH − d3Th, (A.9)

dIhH
dt

= pβH2ThVH − (d3 + d4)IhH − k2IhHL−, (A.10)

dL

dt
= x+ k6(Ic + IhH)L− d7L, (A.11)

dVH
dt

= s1d2Ic + s2d4IhH − d9VH , (A.12)

dA

dt
= k7(d4IhH + k2IhHL)− d10A. (A.13)

Calculating the basic reproductive number (RH
0 ) as the average number of

secondary infections caused by an HIV infectious cell in an HIV only case of

model (A.7) - (A.13), we get

RH
0 = RH

0h +RH
0c (A.14)

where

RH
0h =

(1− p)d7λ2βH2s2d4
d3d9(d3d7 + d4d7 + k2x)

, (A.15)

RH
0c =

pd7λ1βH1s1d2
d1d9(d2d7 + d1d7 + k1x)

. (A.16)

Since HIV infects both hepatocytes and CD4+ cells, RH
0h is the number of

secondary infections due to HIV in hepatocytes while RH
0c are HIV secondary

infections in CD4+ cells.

The basic reproductive number (R0), can be calculated using the next gener-

ation method as by [43]. Let the Jacobian of the matrices that represents the
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rate of appearance of new infections into a compartment and the difference

between the rate of transfer of individual cells out of a compartment at Df

be F and ν respectively. We have

F =




0 0 0 0 0 (1− p)βH1λ1/d1

0 0 0 0 0 pβH2λ2/d3

0 0 0 0 βBλ2/d3 0

0 0 0 0 0 0

0 0 n1d5 d2γd6 0 0

s1d2 s2d4 0 s3(1− γ)d6 0 0




(A.17)

and

ν =




(d2d7+d1d7+k1x)
d7

0 0 0 0 0

0 (d3d7+d4d7+k2x+k4x)
d7

0 0 0 0

0 0 (d3d7+d5d7+k3x+k4x)
d7

0 0 0

0 0 0 (d3d7+d6d7+k5x)
d7

0 0

0 0 0 0 d8 0

0 0 0 0 0 d9




.

(A.18)

The eigenvalues of Fν−1 are given as

e1 = e2 = 0 (A.19)

e3 =

√
(

d7λ2βBn1d5
d3d8(d3d7 + d5d7 + k4x+ k3x)

) (A.20)

e4 = −
√

(
d7λ2βBn1d5

d3d8(d3d7 + d5d7 + k4x+ k3x)
) (A.21)

e5 =

√
(

(1− p)d7λ2βH2s2d4
d3d9(d3d7 + d4d7 + k2x)

+
pd7λ1βH1s1d2

d1d9(d2d7 + d1d7 + k1x)
) (A.22)

e6 = −
√

(
(1− p)d7λ2βH2s2d4

d3d9(d3d7 + d4d7 + k2x)
+

pd7λ1βH1s1d2
d1d9(d2d7 + d1d7 + k1x)

)(A.23)
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R0 is defined as the spectral radius of Fν−1. Thus

R0 = max{e3, e5}. (A.24)

It can be seen from equation (A.6) that e3 is the basic reproduction number

RB
0 of the HBV model and that e5 = RH

0 from equation (A.14). We can

therefore deduce that

R0 = max{RH
0 , R

B
0 }, (A.25)

B. Castillo-Chavez Theorem

Theorem 3. Castillo-Chavez et al. [44].

For a system 



dX
dt

= F (X,Z),

dZ
dt

= G(X,Z), G(X, 0) = 0,
(B.1)

where the components of the column-vector X ∈ Rm denotes the number of

uninfected individuals and the components of vector Z ∈ Rn denotes the num-

ber of infected individuals. Let
⋃

0 = (X∗, 0) denote the disease-free equilib-

rium of this system. The fixed point
⋃

0 = (X∗, 0) is a globally asymptotically

stable equilibrium for this system provided that R0 < 1 (locally asymptotically

stable) and the following two conditions satisfied:

(H1): For dX
dt

= F (X, 0), X∗ is globally asymptotically stable

(H2): G(X,Z) = MZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ Ω where

M = DZG(X∗, 0) is an Metzler Matrix (the off-diagonal elements of M are

nonnegative) and Ω is the region where the model makes biological meaning.
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