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Highlights

For HIV in-vivo modelling inclusion of the different strain of HIV virus gives a better
presentation of the HIV dynamics.

ARTS plays a very important role as far as viral replication is concerned.

Emergence drug resistant HIV strain is one of the major challenge facin V man-
agement process.

Prevention of both development of HIV drug resistance and tran&( of drug-

resistant variants is vital. %
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Abstract

In 2013 the World Health Organization recommended the ‘initiation of antiretroviral
therapy (ART) to any person who tests HIV positive irtespective of his/her CD4*
count. However, implementation of the new guidelines poses a lot of challenges es-
pecially in Sub-Sahara Africa such as: drug side effectsydrug resistance-mutations
and significant financial burdens. Most importantly, it has been established that
HIV resistance and subsequent virologic failure oceur in a substantial proportion of
HIV-infected patients receiving HAART. This study therefore, seeks to investigate
the emergence of drug resistant HIV virus during treatment with the aim of deter-
mining the proper use of HIV therapy thatywould lessen drug resistance. To carry
out the analysis a ten dimensional in=yivo mathematical model is proposed for HIV
dynamics. The model is formulated in such away that it takes into account two
virus strain, that is, the wild,type as well as the naive type HIV virus. The in-vivo
model is shown to be both biolegically meaningful and mathematically well posed.
The existence of unique infection-free equilibrium point is determined and both its
local and global stahbility investigated. In addition, the basic reproduction number
for each viral strain isycomputed using the next generation matrix method. An
optimal controlimodel is proposed and analysed by applying Pontryagin maximum
principle, 6 ebtain the optimal drug combination for HIV treatment. Here two
drugs, thatuis, Reverse Transcriptase inhibitor and Protease inhibitor are used as
the controls in'the model. We provide an objective function for the minimization of
thesnumber ,0f wild type HIV virus and the drug resistant virus as well as the costs
associated with the use of Reverse Transcriptase inhibitor and protease inhibitor.
The forward backward sweep method is applied to numerically solve the optimal-
ity system. From the numerical simulations, it is evident that protease inhibitor
is ‘the most effective drug in controlling HIV infection. The results suggest that
prolonged use of HAART leads to development of drug resistant and that people
with drug-resistant infection could play a core role in the epidemic of HIV.

Keywords: HIV, Wild type virus, drug resistant virus, virion free equilibrium, Reverse
transcriptase inhibitor, protease inhibitor, optimal control.
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1 Introduction

HIV is a major problem for global public healthy. Currently, there are over 35 million
infected by HIV in which 71% lives in the Sub-sahara Africa. Fortunately, much strides
have been realised in terms of HIV treatment since its onset in early 1980 [1]. Twenty six
drugs have been approved by the US food and drug administration (FDA). The introduc-
tion of these highly active antiretroviral therapy (HAART) in the management of HIV
virus has led to a sustained suppression of viral replication, a partial restorationyof the
immune system, and a sharp decrease in the incidence of opportunistic complications and
mortality. Unfortunately, long term use of HAART leads to various side‘effects and more
so they lead to development of drug resistant virus. Other than long térm use.of HAART,
new drugs such as pre-exposure prophylaxis(PrEp) which was introduc¢ed=to assist in re-
ducing the viral acquisition by the non-infected person have also been cited as a major
contributor to the emergence HIV drug resistance virus [2].»Anether process that leads
to development of drug mutant HIV virions is the reverse tzamseription process. HIV is
an RNA virus, unfortunately RNA virus polymerases have high’error rates that are not
subject to host cell proof reading mechanisms. According to [3] RNA viruses such as HIV
leads to production of 1 mutation per genome per replication cycle. Hence, drug-resistant
mutants are present in all infected patients before'the initiation of therapy, and this fact
underlies the basis of the need for combinatiofstherapy for HIV infection. HIV resistance
is a complex issue and its existence especially in Sub-Sahara Africa where adherence to
HIV therapy is poor need to be carefully analysed.

The problem of emergence of drug resistant during treatment has been of great inter-
est to researchers on HIV modelling aimed at establishing the best way and optimal
method of controlling it. Geme analysis has been done to determine the main phenotype
of mutant HIV strains as compared ‘to the non-mutant virus [1], unfortunately, not to any
conclusive finding. Researchesmenetheless, have deduced that drug resistant virus can be
passed from one infected person to another. They have indicated that there is a relation
between drug adherenge and the development of drug mutant viral strain [5].

Mathematicians ‘working on in-host HIV modelling on the other hand have also formu-
lated and analysed models that address the question of drug resistant virus. These models
have previded some mechanistic insights into HIV progression, drug efficacy, and the risk
of drug resistance virus. For instance, [!] developed a five dimensional model with in-
clusion of.two viral strains, that is, wild-type and drug-resistant, aimed at analysing the
effect ofrnon-adherence to HAART leading to drug mutant virus. This was advised by
the fact that the reverse transcription process of the HIV RNA to DNA is error prone
leading to mutation. However, the study did not include the CD8" T-cells which are an
integral part of HIV dynamics. [6] used a six dimensional model that included both the
drug-sensitive and drug-resistant viral strain. The model aimed at analysing the efficacy
of different HIV treatment combinations with the evolution of the resistant strain in each
case. The model also aimed at determining the correlation between drug efficacy, drug
resistant and the adherence to the treatment. However, as much as this study gave very
insightful recommendations it failed to put into account the non-infectious virus that re-
sults due to the use protease inhibitors. [7] used a six dimensional model to investigate



the effect of various HIV treatments. In this model, the study acknowledged the impor-
tance of including two type of the viral strain, that is the drug mutant and the drug
sensitive. In addition, the model put into account the role played by the CD8% T-cells in
viral suppression. From the results it was evident that health practitioners in the field of
HIV should be concerned with ways of increasing the body immune mechanism. This is
because it will help in reducing the mount of HIV treatment given to the infected person
and in order to reduce the looming and evolving problem of drug resistance. [3J¢however,
developed a seven dimensional in-vivo model. Here the study aimed at finding the most
effective drug between the fusion inhibitor, reverse transcriptase inhibitor, and protease
inhibitor. However, as much as the study gave very insightful findings it“failedyto account
for the resistance HIV virions which results either due to prolonged=use of HAART or
if the patient was infected by a resistant virus initially. Such consideration would be of
importance in any in-vivo model.

This study is aimed at addressing the gaps so far identified=in the in-vivo modelling
by improving the in-vivo model proposed and anlysed by“{9] swhich failed to account for
the drug resistance virus. In particular, this study proposes and analyses a ten dimen-
sional in-vivo HIV model with two treatment strategies. Optimal control theory, which is
a branch of mathematics developed to find optimal ways of controlling an infection such
as HIV [8, 10-12], is applied on the in-host HIV_ treatment model aimed at establishing
the optimal drug combinations for HIV in_relation to their per capita cost. There are few
papers on in-vivo HIV modelling that applywoptimal control theory to establish the best
intervention practice for controlling the“imfection [13, 11]. Here we propose and analyse
one such optimal control problem, where\the control function represents the fraction of
the two HIV types, that is, drug resistant and wild type virus, that will be subjected to
treatment with Reverse transeriptase inhibitor and protease inhibitor. The objective is
to find the optimal treatment strategy that minimizes the number of drug resistant and
wild type HIV virions, as8 well'as’the cost of HIV treatment regime.

2 Model Formulation

In order, for us te,earry out optimal control processes it is paramount to formulate a
model that describes the basic interaction between the HIV virions and the body immune
system([15]. 'We develop a mathematical model for HIV in-host infection with two treat-
ment strategies combinations of drugs. We define ten variables for the model as follows.
Population of the susceptible CD41 T-cells (T"), population of the CD4" T-cells infected
by the wild type HIV virion (I,), population of the CD4™" T-cells infected by the resistant
type HIV virion (I,.), population of the latently infected CD4" T-cells resulting from the
wild type HIV virion and in presence of Reverse Transcriptase inhibitor (1;,,), population
of the latently infected CD41 T-cells resulting from resistant type HIV virion and use of
reverse transcriptase inhibitor(1;,.), wild type infectious HIV virions (V,,), resistant type
infectious HIV virions (V}.), non infectious HIV virions resulting after the use of protease
inhibitors (V},), CD8" T-cells (Z) and the activated CD8" T-cells (Z,). Furthermore,
two drug controls u; and wus are introduced to the model. Control u; represents RTIs
that prevent the reverse transcription process from taking place. Control us represents



PIs that inhibits the release of protease enzymes needed for the maturity of HIV virions
hence it leads to the production of non-infectious and immature virions. This in turn
reduces the amount of HIV virions in the body. Another control variable of interest is the
control u,, which represents the degree of drug resistance mutation. The in-vivo dynamics
under therapy is depicted by Figure 1 and the parameters used are as described in Table 1.
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Figure 1: A compartmental representation of the in-vivo HIV Dynamics with therapy.



Table 1: Parameters for HIV in-vivo with therapy model

Parameter | Description
Ar The rate at which the non-infected CD4% T-cells are produced per unit
time.
1% The death rate of the the non-infected CD4™T-cells.
Xw The rate at which the CD4"T- cells susceptible to the wild type HIV
virions are infected by the virus.
Xr The rate at which the CD41T- cells susceptible to the resistant type HIV
virions are infected by the virus.
L1, The death rate of the wild type infected CD4*T-cells:
L1, The death rate of the resistant type infected CD4HT-¢eells:
K, The death rate of the wild type latently infected/CD4" T-cells.
i, The death rate of the resistant type latently infected €D4+ T-cells.
EVw Number of wild type HIV virions produced by=arsingle wild type infected
CD4tT-cells.
EVr Number of resistant type HIV virions.produced by a single resistant type
infected CD4"T-cells.
Hvw The death rate of the wild type inféetious virus.
v The death rate of the resistant type. infectious virus.
Ly, The death rate of the non-infectious viruss.
c Proliferation rate of the CD8 ™I -cells.
« The rate at which the both the wild type and resistant type infected cells
are eliminated by the,activated CD8% T-cells.
Az The rate at which,the CD8" T-cells are produced per unit time.
1y The death rate of the/CD8' T-cells.
15} The rate at~which the CD8" T-cells are activated by the presence of the
virus and the infécted CD4" T-cells.
Wz, The rate at which the activated defense cells decay.

From Figure | we derive the following system of ordinary differential equations describing



the model dynamics.

dT N
i =M — prT — X TV — X, TV,
dl,,
E - (1 - um)(l - ul(t))Xwva — prrwlp — alyZa,
dl,
i U (1 — uy ()X TV + (1 — ui (O))x, TV, — g I — . 2y,
dl,
d_lt =W (t)XwTVw - ,ullw[l,N
dl;,
dllf = (t)XT’T‘/;" - :ufﬁ“]lra

(1)
dVy,
% - (1 - UQ(t))EVw:ulw]w — pvw Vi,

dv,
dt = (1 - u2(t>)€Vr,uIr-[7' - ,UVT‘/Ta

dv,
E = u?(t)e\/r,ulr-[’r + u2(t)€VwNIw[w - ,anVna

dz
%z)\ercZ(IerI) pzZ — BZM, + 1),

dz,
— BZ(I,+ 1 7.
7 =BZ(Ly + 1) — pz, )

3 Model analysis

3.1 Positivity of the Solutions

We assume that the initial valtes of the variables of the model are non-negative. We now
show that also the solutions of the model (1) are also non-negative.

Theorem 1. Let
(1) = {10,

I(t
1(0) >0, 1,,(0) > 0,
V,(0y> 0, Z(0) > 0,

) T (1), 1 (1), Vi (£), Vo (1), V1), Z(t), Za(t)) € R :
1,(0) > 0, 1,,,(0) > 0, I,,(0) > 0, V,(0) > 0,V,(0) >0,
Zq(0) = 0}

then,the solutions of (T'(t), L,(t), L. (t), Ijw(t), Lir(t), Vi (1), Vi(t), Vi (t), Z(t), Za(t)) are non-
negative for allt > 0

Proof. From the first equation of system (1) the population of the CD4" T-cells is given
by

dT

o =Ar — prT — X TViy — X, TV,
dT

dT

' > =T(pr + XV + X Vr)



By separation of variable method, equation (2) reduces to

dT
— = — - wVw - r‘/r
T = Hr — X X (3)

T > Tye™ Iy (urttxw V() +xr Ve (s) 16
Hence,
T>0 (4)

From equation (4) is is evident that 7" is non-negative for all ¢ > 0.
The same argument can be used to show that I, I,., Ijy, I}, Vi, Vi, Vi, Z7and %, are also
non-negative. ]

3.2 Invariant Region

From (1) the total population of the C'D4" T-cells satisfy

dNy

W == )\T - ,uTT - ,U'Iw-[w - aZa(Iw + -[T)/'LIT - ,ullwllw - /’LIZTIlT (5)

Thus, from equation (5) we have

dN.
d_t4 == )\T - (,UTT + MIwIw + aZa(Iw + Ir)ﬂ['r + MIlwIlw + /illr]lr> (6)

Let © = min {pr, frw, forr, 1w, o1, §, thenfrom (6) we have

dN,

d—{‘gAT—G(T+Iw+IT+Ilw+IlT)

AN, (7)
Z < A — ON,

da =/ 4

Using a suitable integrating factor, that is, Lf = €®!, the differential inequality (7) is
solved to obtain

d
E (N4(t)66t) S )\Teet
A A
Ny(t)e® — Ty < @Te@t - @T (8)
)‘T Ot /\T
N < (1 - 2F T
4(t) S ( 0 o) ) (& + a)
From equation (8) we have
A
Ny(t) < max {To,@T} 9)

From equation (9) the total population of the CD4% T-cells is bounded. The same
argument can be used to show that all the other state variables are bounded. Therefore,
the basic model is well posed epidemiologically and mathematically.



4 Infection-free equilibrium

Model (1) has a infection-free equilibrium (IFE) which occurs when I, = I, = I}, = [}, =
Vw=V, =V, =2, =0) given by:

A A
EO(Toa Iwoa [Tm Ilwoa [le Vwo; ‘/7‘07 Vnoa ZOa Zao) = (_Tv 07 07 07 07 07 07 07 _Z7 O) (10)
M Kz

4.1 The basic reproductive number

In this section, we apply the next generation matrix in determining the threshold param-
eter that governs the spread of a disease which is called the basic4eproduction number
[16]. According to [17] basic reproductive number, Ry, measures the average number of
secondary infection cases generated by a primary case in a pool of mostly susceptible indi-
viduals. For HIV in-vivo modelling Ry represents the number of CD4% T-cells that results
from a single infected CD4" T-cell throughout its life titne. Ry answers very important
questions regarding the infection. For instance, having Ry, <\1 implies that the disease is
likely to be eliminated from the body, this can be dene through introduction of various
HIV therapy that targets parameters sensitive towRg:

4.2 Computation of the basic reproductive number

By use of the next generation method.R, is the dominant eigenvalue of the matrix G =
FV~1. Here F is the matrix that represents the appearance of new infections and V
is the matrix representing transfer ef infections from one compartment to another, both
evaluated at the infection-free €quilibrium state. Ry is therefore derived as follows:
From system (1) the infective compartments are

drl,
% = (1 Y Um)(l - ul(t))XwTVw — M[w[w — Oé[wZa,
dl,
dt = um(l - ul(t)>XwTVw + (1 - ul(t))XTTrV;" - ,UIT]?" - a]rZaa
diy,
d_; =Uux (t)XwTVw - /Lllw]lwy
dly,
dé = u (), TV, — pge Ly,

(11)
dVy,
W = (1 — u2<t))€\/wﬂlw]w - NVwVUM

dv;

dt
dz

dt
dZ,
dt

= (1 - u2<t>)€VrMIT[r - /'I/VT‘/TJ

=Nz +cZ(Iy+ 1) — uzZ — BZ(L, + 1L.),

= BZ([w + [r) - ,uZaZa



The matrix of new infections at infection-free equilibrium is given by

[0 0
0 0
0 0
p_ |0 0
0 0
0 0

SO O OO O o o o

(1 - um)(l - ul)le);_;
U (1 — ul)xwi—;
Un Xyt

0

O O oo O O o o
o O oo

0
(1- ul)Xri_;
0
e

0

D O OO O o o O
S IO oo O o o o

0
0
0

The matrix of transfer of infections from one compartment to anotherat the infection-free

equilibrium is given by;

[ I 0 0 0 0 0 0
0 Ine 0 0 0 0 0
0 0 frw % 0 0 0 0
V= 0 0 O~ pnr O 0 0
n _(1 — U2 (t)>6VwMIw 0 0 0 Hvw 0 0
0 —(I —uz(t))eviftrw,. 0 0 0  py, O
pz Bz 0 0 0 0 p
i 52_2 ﬁl’)—i 0 0 0 0 0
The inverse of V' from (13) is given by
L 0 O 0 0 0 0 O
0 M; 0 0 0 0 0 0
0 0 L 0 0 0 0
#Ilw
0 0 0 Ml 0 0 0 0
i
V‘l — (1—11«2(;2/)16:11;#1«1; 0 0 0 uvﬁ 0 0 0
0 Omw@everrw o L g 0
Az v 0 0 o 0 L o
_/BMZQHI'LU _/BNZZFLI'LU 'u_Z
A A 1
L _Buzwiuza _Buszuza 0 0 0 0 0 1z
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O OO OO oo

Mz, |

(13)

(14)



Multiplying equation (12) and (14) we have

FV'=
M(1—um)(1—u1)(1—u2) Xw AT Evw 0 0 0 (1—um)(I—u1)XwAT 0
HT LV w AT LV w
(1—um)(1—u1)(1—u2)xu;)\T6ruw (1—u1)(1_u2)Xr)\T61)T' O O um(l—ul)Xw/\Tevw (1—u1)X7')\T
1,#71 Vw)\ KT RV ;U‘T/J'V;\w BTV
u1 (1=u2)XwAT€vw 0 0 0 UL XwAT 0
HT KV w BT 1V w
0 w1 (1=u2) Xw AT €vw 0 0 0 UL Xr AT
HT UV w AT v
0 0 0 0
0 0 0 0 0 0
)\Z )\Z
c——24— —=Z 00 0 0
Kz HIw Kz Iw
2z -2z 0 0 0 0
L HZHETw HZHKIw
The eigenvalues of (15) are given by
_ 0 _
0
0
A 0
- 0
0
(1 — up (=g ) (1 — U2/\)Xw2_§$,_fu
_ _ AT Cvr
| A - w)( —we)x o he

O OO O O O
O OO O O O O

(16)

From the eigenvalues obtained intequation (16) it is evident that the basic reproductive

number is given by
RO = max {Row, ROT}

where
>\T€vw
Ro, = (1 —um)(1 —uy)(1 — ug) Xw—
oo = (1= ) (1= )1 = ), = 2
and )
€
Ry, =(1—w)(l —u o EE 2
‘ ( 1)( 2) Hr [y

(17)

(18)

(19)

If Rpo< 1 1n equation (17), then the HIV virions cannot invade the body and the dis-
ease/will die out over time. However, as much as the time before the virions goes to
non-detectable level depends on how small Ry is, the HIV patients must continue taking
HAART to avoid the recurrence of the disease. It can be seen from equation (18) that
if both the Reverse Transcriptase inhibitor and the Protease inhibitor are 100% effective,

that is u; = uy = 1, then there is no secondary infections in the cells.

To determine the best ways of reducing mortality due to HIV/AIDS related illness the
importance of each parameter in relation to Ry is evaluated as shown in the next section.
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4.3 Analysis of the Basic Reproductive number

This section is aimed at determining the relative importance of different parameters re-
sponsible for the viral replication related to the basic reproduction number, obtained in
equation (17). This is because the basic reproduction number, Ry, is a measure of the
potential for infection to spread in a population, and is one of the foremost and most
valuable ideas that mathematicians have brought to epidemic theory [18]. To date, there
are many ways of conducting Sensitivity Analysis, all resulting in a slightly different sen-
sitivity ranking. In this study, we use the normalized forward index.

The normalized forward sensitivity index of Ry with respect to the parameter P is given

by:
Ry aRO P

where P represents a parameter in the expression of the basic reproductive number.
From the basic reproductive number given by equation(17),the sensitivity indices of Ry
with respect to the parameters x;, €y, A, pv;, pir(where © = w, r) are respectively given
as:

%K ~1 (22)
g%% 1 (23)
gf; % -1 (24)
%%ﬁ — 1 (25)

From the sensitivity indices, it is evident that ur, x; and Ar are the most positively sen-
sitive parameters. /Thus increasing any of these parameters will lead to an increase in
the valuewof\ Ry whereas py, and pp are the most negatively sensitive parameters in that
increaging any of these parameters will decrease the value of Ry. In particular, a 1%
increasenin any of py, and pr results to a 1% decrease in Ry. Hence, health practitioners
shouldwuse controls that targets the most positively sensitive parameters; this in turn will
lead'to the reduction in the number of HIV virions.

Another important observation from the basic reproductive number (17) is that if v, =
U9 = U, = 1 then the Ry = 0 and hence the disease will die out.

4.4 Local stability of the infection-free equilibrium

Theorem 2. The infection-free equilibrium, Ey, is locally asymptotically stable when Ry <
1 and unstable otherwise.

12



Proof. We apply the linearisation method to determine the local stability of the infection-
free equilibrium. The Jacobian matrix of the system (1) at the infection-free equilibrium
is given by;

XwAT Xr AT 0

—ur 0 0 0 0 0 0
T—um) (AT ) xw A o

0 —lTw 0 0 0 (mu% 0 0 0 0

0 0 —birn 0 0 0 um (=g ) xwAT (A—ug)xrAp 0 0
N AT wr

0 0 0 —nr, 0 LiXwAT 0 0 0 0
w T R

0 0 0 0 —nr, 0 0 “1"27;7" 0 0

0 (I —u2)evwhrw 0 0 0 —Hvaw 0 0 0 0

0 0 (I —u2)eypprr 0 0 0 —HVr 0 0 0

0 UQEVAwa u2€\§7'/‘417‘ 0 0 0 0 — KV 0 0

0 cﬁ cé 0 0 0 0 0 —uz 0

Az Az
0 Bz Bz 0 0 0 0 0 0 —pz, ]

(26)
The eigenvalues of J in (26) are the solutions of the tenth-order/polynomial equation and
they are given by

Al = — Uz (27)
A2 = —Hvn (28)
A3 = — MU, (29)
Ay = —pg, (30)
As = —pr (31)
Ag =
—pr(purr + pvr) + /A0 = ur) (1 — up) AP pireeve X + i3, — 205 fr five + 7405,
2ur
(32)
A; =
(e A pve) A =) = w) ArpirpirreveXe + HRIT, = 20 v + HPIR,
2pr
(33)
- w A+ w
Ag = por (i1 Hv )+
210 (34)
VA = w1 — ur) (1 — u2) M porw€veXw + Ho 2y, — 205 wbve + 13,
2ur
w + w
Ay D2 B+ i)
2pr (35)
VAL — 1) (1 — ug) (1 — ) M forw€vin X + 212y — 203 frwbive + 2113,
2up
Ao = —pz, (36)

Using Routh-Hurwitz criterion, we deduce that all the eigenvalues of Jacobian matrix
J in (26) have negative real part, hence the infection-free equilibrium point is locally
asymptotically stable if Ry < 1 and unstable if Ry > 1. O

13



4.5 Global stability of the infection-free equilibrium point
[19] stipulated the conditions that must be satisfied for the global stability.

Theorem 3. For system (1), the infection-free equilibrium Eq is globally asymptotically
stable if Ry <0

Proof. We transform model (1) by re-writing it in the form given by equations{37);

dX
o HX,W
th ) (37)

where X = (T,V,, Z, Za) and W = (L, I, Iy, Lor, Vi, Vir). Here, X; € R* denotes the
non-infected compartments while W € RS denotes the HIV infected.compartments. Hence

>\T - ,uTT - XwTVw - XTTV;“
HX, W)= | Az +cZ(lw+ L) — g2 8241y + 1) (38)
BZ(]w + ]r) — MZaZa

(1 — ) (1 — ur (X T Vi — prwle — alywZ,
U (1 — uq (1)) X T Vi, (1 i (8) X, T, Ve — pge Iy — @l Z,
Uy (t)XwTVw - ,ulzwllw
GX, W) = un(t) X, TV, — pre 1o, (39)
(1 - u2(t)>€Vw,u/IwIw - ,quVw
(]- - u2<t>)€\/r,ulr-[r - ,u\/r‘/r
u?(t)EVT,uITIT + u?(t)elﬁwﬂlu}[w - MVnVn

At the infection-free equilibrium we have

Ap — prT
H(X,0)= | Az —pzZ (40)
_/‘LZa Za

The infection-free equilibrium point for system (40) is given by, Eg, = 2—5, ;\L—i, 0. We first
determine-the existence of a biologically feasible region .

Lemma 1. /The biologically feasible region Qg ; defined by the compact set;

A A
Oy = {(T,Z, Z,) €R®: T < max {Tg,—T} . Z < max {ZO,—Z} g = O} (41)
Hr Kz

with initial conditions T(0), Z(0), Z,(0) > 0 is positively invariant for all t > 0.

Proof. We now show that Q is the invariant region for the model (40). Taking the first
equation of the system given by equation (40) the population of the susceptible CD4™"

14



T-cells satisfy
dT

= Ap — urT
at T — HT (42)
dr T=A
o THT T
Thus equation (42) becomes
d(T;:Tt) _ / Apehrt
(43)

A
T=2L 4 Qe prt
Hr

Applying the initial condition, at ¢ = 0, and denoting 7'(0) = Tp, equation (43) gives

C=1T,— — 44
° Hr ()

Substituting (44) in (43) the inequality for the susceptiblexCD4¥ T-cells is given bys;

A A
T=""1 (To = —T> gsHT? (45)
KT KT
Hence at any time ¢t > 0
A
T < max {Tg, T} (46)
KT

This argument can be used to show that the other state variables are bounded. This
implies that any solution (T'(¢),Z(t)3Z.(t)), at t > 0, in R? will always remain confined
in Qp. Hence, the region Qg ds pesitively invariant for the model system (40). O

From equation (37) we compute (X, W) = PG — G(X,W),G(X, W) > 0 for (X, W) €
Qy

(1 — ) (1 — ui ()X T Vi — prrwl — alwZ,
U (1 — w1 (8) X T Vi (1 — uy () x T Vi — g I — 1. 2,

U1< ) wTVw - MIlwIlw

G(X W)= ur ()X TV, — e Ly, (47)

(]. — ’ng(t))ﬁvw,u[wf — uvaw

(1 - u2( ))GVT’,U'IT r :U'VTV;"

us(t)evy i Iy + us(t)evutirwlw — pvnVa

Sincesevery element of the matrix G(X; W) contains virions or infected component then
G(X;0) = 0. The M-matrix P can be constructed as:

P=DwyG(X",0)

—BIw 0 0 0 (1 = wm) (1 = u1)xw 2L m T 0 0
AT A

0 —HKIr 0 0 um (1= w1)Xw (11— ul)Xrﬁ 0

Ar
_ 0 0 —n,,. 0 wixw L h 0 0 (48)

AT

0 0 0 —KI, 0 UL Xr wr 0

(I —w2)evyhirw 0 0 0 BV 0

0 (I —wug)eyrpry, 0 0 0 —Bvr 0

U2EV ww U2EV T w 0 0 0 0 —HVn
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N

By definition of G(X, W) = PG — G(X, W) hence G(X, W) is given as

Gh(X, W) aZol,
QQ(Xa W) aZyl,
G X, W) 0
G(X,W) = x| = o (49)
G5(X7 W) 0
Go(X, W) 0

Since aZ,I, > 0 and aZ,I, > 0, then, @(X, W) > 0 for (X,W) € Q. Hence the
infection-free equilibrium (Ep) is globally stable. O

In the next section we carry out optimal control analysis for the model)(1).

5 Optimization process

One of the main objectives for studying HIV infection dynamics is to improve the control
strategy so as to suppress the viral load to non-déteetable level and to prevent the emer-
gence of drug resistance. Optimal control theory is‘a_method that has been widely used
to solve for an extremum value of an objective functional involving dynamic variables.
In this section, optimal control theory is applied in deriving the optimal drug treatments
as functions of time. The control variables as used in equations (1) are described as
follows: The control u; represents the effect of Reverse Transcriptase inhibitors. These
drugs hinder the reverse transcription process. The second control variable uy simulates
the effect of Protease inhibitors, which prevents the already infected cells from producing
mature-infectious virions.

The aforementioned cdntrels represent effective chemotherapy dosage bounded between
0 and 1. The situation wu;(f) = ua(t) = 1 represents 100% efficacy of the Reverse Tran-
scriptase inhibitors and Protease inhibitors respectively and u;(t) = us(t) = 0 represents
0% efficacy an@yus, =1 represents high rate of drug resistance mutation and wu,, = 0
represent thie situation where no drug resistance mutation present. The study aims at
minimising the viral load, drug resistance mutation and at the same time reducing the
cost of HIV treatment. With the above description we construct the objective functional
to be optimized as follows:

T(ur(8), un(t), um(t)) = % /0 Y aVio () + unVilt) + Al + Ay + Ay )t (50)

subject to the equations given in model (1).

Vi(t), and V,.(t) are the solutions of the model (1). The quantities w; and wy represent
the cost associated with minimising the wild type HIV virions and the resistant type HIV
virions respectively. In addition, A; and A are non-negative constants representing the
relative weights attached to the current cost of each treatment regime, Az represents the
cost associated to emergence of drug resistant mutant and 77 is a fixed terminal time of
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the treatment program subject to the ordinary differential equations described in model
(1). We consider a quadratic expression of the control in order to indicate non-linear
costs potentially arising at high treatment levels, as proposed in [20]. Consequently, u,
uo and u,, are Lebesgue integrable; that is, they are piecewise continuous and integrable.
The fundamental aim of this therapeutic strategy is to minimise the objective functional
defined in equation (50) by decreasing the viral load both the V, and V,, and the cost of
treatment over the given time interval [0, 7). Therefore, the study aims at determining
the optimal control u;*, us* and u,,* such that:

J(ui(t), us(t), up, (8)) = min {J (ur (£), ua(t), um(t)) = (ur, uz, umd € U} (51)
where U is a set of all measurable controls defined by:
U = {u = (u1,us, Up) : Ui=12m measurable ,0 < w1 2,,,(t) < 1,4 € [0,T%]} (52)

In the next section we determine the existence of an optimal“control for the system (1)
and derive the optimality system.

5.1 Characterization of the Optimal-control

The necessary conditions that an optimal contrelimust satisfy come from the Pontryagins
Maximum Principle [21].

Theorem 4. Suppose the objective funetion

J(ur(t), uz(t), um(t)) = % /OTf (w1Vip (t) + wa Vi (t) + Ayud + Aguj + Azu?,)dt (53)

is minimised subject to the controls and state variables given in model (1) with

T(0) =Ty, I1,00)= Loy L.(0) =1, Luw(0)= L1y, I1,(0)=1Iy,, Vi(0)= "V,
Vi (0) =V, Vn(0) =V, 7Z(0)=Zy and Z,(0) = Z,g as the initial conditions.
Then there existscoptinal controls (ui,us, u}, € U) such that;

J (i) us (), wr, (t) = min {J(uq(t), ua(t), um(t) : (u1, uz, un(t)) € U}
Proof. The existénce of the solution can be shown using the results obtained in [22], since:

1. The class of all initial conditions with controls u;, us and u,, in the control set U are
non-negative values and are non-empty where u;,7 = 1,2, m is a Lebesgue-integrable
function on [0, 7]

2. The right hand side of system (1) is bounded by a linear function of the state and
control variables and the solutions exist.

By definition, each right hand side of system (1) is continuous and can be written as a
linear function of U with coefficients depending on time and state. Furthermore, all
the state and control variables T, I, I, 11, Iir, Vo, Vi, Vi Z, Zg, ur, ug and u,, are
bounded on [0,7%]. In particular considering the control system (1) with initial
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conditions T, Try, Lwgs Lros Liwe s Lirgs Vives Vigs Vo 20, Zay, Of the respective variables
it can be written in form:

Y =AY + F(Y) (54)

where

T
Iy
IT
Ilw

Ly (55)

NNSSS

is the vector of the state variables and A and F'(Y }“are defined as in equations (56)
and (57) respectively:

0

—MIw
0 _

!

~
3

=~
g
=
3

<
3

O oOT oo oo oo oo

=

OO @ OO O OO
O OO oo oo o oo

cowWw o coc)o R oo o
|
OO OO OFE OOy O

|
oooo;; o o ofc o
S
cooT oococoocoo
|
Eooooooooo
Is)

sleleoBoBolohohehe s

OO OO o oo

(56)
A — Xl Vi + X TV,
(1 — ) (1 — ur () X TV — alyyZ,
U (1 — w1 (1)) X TV + (1 — us (8)) X, TV, — . Z,
Uy <t>XwTwVw
Uy (t)XrTr‘/r
(1 - u2(t>)€Vw/~LIwIw
(1 - U’Q(t>)€VT‘/“LI7”IT
/U'2<t)EVw:U’Iw-[w + us (t)eVr:uITI’r
Ay — BZ(1,+ 1),
BZ (I, + 1)

The system (54) is a non-linear system with a bounded coefficient. Let

B(Y) = R(Y) + F(Y) (58)
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then, the second term on the right-hand side of (58) satisfies

[F(Y1) — F(Y2)| < Ki[Th(t) — Ta(0)] + K2 [ L, (1) — Lu, ()] +
Ky |1 (t) — Ly (O] + K 1, () — Ilwz(f)\ + Ks [L, (1) — Lip, (1) +
Ko [Vio, (8) = Vi, ()| + K7 |Vi, (8) = Vi, ()| + Ks [Vi, () — Vi ()] +
Ko |Z1(t) = Za(t)| + Ko | Zay (1) — Za, ()]
) —

< K[|T1(t) = Tun(O)] 4 [Lu, (8) = Ly ()] + [y (8) = Ly (B)] 5
[ Traoy (8) = T ()] 4 [ Loy () = Loy ()| + [Vi () — Vg (D)

[Ver () = Vey ()] + [Vay (8) = Vi ()] 4 [ 21(2) — 25| ) Za, (t) — Zag(t)|:|
(59)
where the positive constant K = max (K;,i=1,2,3... 10) is mdependent of the
state variables. In addition, B(Y;) — B(Ys) < K |Y1 Yolpavhere K = 000,
[|M]| < o0. So, it follows that the function B(Y') is unifermly Lipschitz contmuous
From the definition of the controls wuy, us and u,, and the restrictions on the non-
negativeness of the state variables then the solutions of the system (54) exists.

3. The control set U is convex and closed.
We denote the elements of the control set.U asyvectors

~

U = (u1,ug, Uy,) where 0 < uy,us < 1 and u,, > 0. (60)

Now we show that U is convex.
Let w = (w1, wy, wy,) be another element in U, that is, 0 < wy,wy < 1 and w,, > 0.
Next we prove that

p= X+ (1-Nw for0<A<1

is a number contained inW.

= ANup,Ug, Uy) + (1 — X) (W, wa, wy,)
=(Aug + (1 — Nwy, Aug + (1 — XNwa, A, + (1 — Nw,y,) (61)

y 4 (wla X2, xm)

Then'w; =/Au; + (1 — A)ug which is in the interval [0,1]. Thus, 0 < x; < 1 and
Next_we consider
Ty = N, + (1 = N)wyy, (62)

which is non-negative for u,,, w,, > 0. Hence z,, > 0.
Thus = = (x1, z2, x,,) satisfies the conditions (60) for convexity.
Therefore, the control set U is convex, and bounded and condition 3 is satisfied.

4. The integrand, (w1 Vy(t) + waV, () + A1ud + Asuj 4+ Azu?)), of the objective func-
tional is convex on U. We now apply the Hessian matrix method to prove that
the integrand is convex. A function of many variables, g(x1, xo, ..., x,) is a concave
function if and only if the Hessian matrix,
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H(I)Z[

0%g
833,‘81’]‘

]§0 V #0

(63)

Let L; = % (Aju? + Asui + A, u?)) where L; € L then the Hessian matrix H of L;

is given as;
" 9%L %L %L
Oup? OutOus Out Oum Al 0 0
_ 9L 9L 9L _
H = OusOuq Ous? OuzOum =10 A2 0 2 0 (64)
9’L oL 9L 0O 0 A
| Oumdur  OumOus Oum? | m

Since L; € L then, the integrand L is convex on U.

5. There exist constants; by > 0, by > 0 and S > lsueh that the integrand of the
objective function equation (53), J(U,t) is bounded by,
L<t7 T; Iw; ]7*7 [lw; [lr; Vw, ‘/7'7 an 27 Za; Uy, Uz, um) S b2 > b1(|ul‘2 + |u2|2 + |um|2>
From the objective function (53) then,

B
2

1
J(Ul, U2, um) = 5 (wlvw(t) + 'UJQV;(t) + Alu% -+ AQU% -+ Agufn) (65)
Thus,
J(Ul, Ua, Um) S wﬂ/w(t) -+ 'UJQW(f) + Aﬂt% + Agug + Agufn (66)
Suppose, A; = Ay = A3 =(A in equation (66) then,
J(u, uspum < w1 Vi, (t) + wo V() + A (u? +ul+ ufn) (67)
This implies that,
wy Vi (8)4 wsl, (1) + Ajul + Agui + Azu?, < by + by (Jug|* + |ual® + |um|?)  (68)

where b1 depends on the upper bound on V,, and V,. and b; > 0 since Ay, Ay, A3 >0
according to the definition. Equation (67) can be written as,
J(ulyu2aum) S b2 +b1(U1,U2,um)2 (69)

Ithis evident from equation (69) that =2 > 1, and by, by > 0 thus condition (5) is
satisfied.

Since all the above conditions are satisfied then there exist optimal control pair, u;*, us*
and u,,*. O
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5.2 Necessary conditions of the optimal control

According to the Pontryagin Maximum Principle if u; € U is optimal for problem (53)
with fixed final time 7%, then there exists a nontrivial absolutely continuous mapping

A(t) : [0, Ty] — R, that is,

A(E) = (A(), Aa(t), As(t), Aa(t), As(£), A6 (t), Az (t), As(E), Ao(t), Aro(t)),

called the adjoint vector, such that the conditions outlined below hold for all% € [0y7%],

1. The state variables:

dT"  OH(t,uj,us,uy,, A(t))  dl, OH(t,uj,usiuy,,A(t))
dt Y Codt s ’
dl,  OH(t,uj,us,uj, A(t)  dly,  OH(t,uj,uz,uy,, A(t))
dt N Coodt Oy ’
dly, _ OH (t,uf,us,u ; A(t))  dV, _ OH (t,uy, us,ul, A(t)) (70)
dt X5 Coodt e ’
dVi. OH(t,uj,us,uy,, A(t))  dV, N OH(t,ui,us,uy,, A(t))
dt ON; Todb O\s ’
dZ — OH(t,uj,uy,uy, At)) \“ddy =~ OH(t,ui,us,u;,, (1))
dt g C at Mo
2. The optimality conditions:
OL(t, ut, ubgur,, At)) _0 OL(t, ut, ub, u,, A(t)) _0 (71)
8u1 c’)u2
3. The adjoint equations:
dA\il JOH(t uy,uy,uy, At)  dhy  OH(t,ul,us,uy,, A(t))
N oT Codt L, ’
d\s§ ) OH(t,uy,uy,uy, At)  dh\y  OH(t,uy,us,uy,, A(t))
dt oI, Codt BI ’
dXs _ _GH(t,uT,uz,u;,A(t)) dXg _ _8H(t,u’1‘,u§,u:‘n,)\(t)) (72)
dt ol,, Todt oV, ’
d\;  OH(t,uj,uy,uy, At) dhs  OH(t,uj,us,uy,, A(t))
dat v, Codt ov,, ’
dhg  OH(t,uj,uy,uy, At))  dAig OH (t,uy, ujy,ul,, A(t))
at 0z St 0Z,
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We now state the Lagrangian (Hamiltonian augmented) as

L(T, Ly, Iy Ly, Ly Vig, Vi, Vi, Zy Zay M1y A2y Ay Ady As, N6y A7y Asy Aoy Ao, Uty Uy Uy,
= (wlvw(t) + wa V() 4+ Ayu? + Aqua + A2U72n) + M (A — prT — x0TV — X, TV,)
+ A (1 = um) (1 — w1 (&) xwT Vi — prwlw — @l Za) + A3(tm (1 — u1(t)) X0 T Vet
(1= w (), TV, — pre Iy — ad Zg) 4+ Ma(ur (8) X T Vie — porwliy,) + s (uwa (£) X0 FV,—
e dn,) + X6 (1 — ua(t))evwttrolw — pvw Vi) + Ar((1 = ua(t))evppire I — pve Vi)
s (ua(t)evatirwly + ua(t)evrpir Iy — pvn V) + oAz + cZ(Ly + 1,.) — pigZ =
BZ(Ly+ 1) + Mo(BZ(Lw + 1) — pz,Za) + winug + win(1 — uy) + Waus+

w22(1 — ’UQ) -+ W31 Um, -+ w32(1 — ’LLm>

(73)
where w;;(t) > 0 are the penalty multipliers which ensure the boundedness of the control
variables u;(t), ua(t) and u,,(t) and satisfying the following-conditions:

w11 = w12(1 — Ul) =0at UT
Wo1Ug = UJ22(1 — UQ) = 0 at U; (74)
W31 Uy = W3a(1 — uphr=-0-at v’

where, u}, u3 represent the optimal controls andyw;, Tepresents the rate of emergence of
drug resistance mutation.

Therefore, the Pontryagin’s maximum- primciple gives the existence of adjoint variables
which are obtained by differentiating the Lagrangian given by equation (73), with respect
to the state variables T\, I, I, Iiw, 1173V, Vs Vi, Z and Z,,.

Thus the adjoint variables are given by:

oL

}\1 == _6_T = Al(MT + vaw + Xr‘/r) - )‘ZXwVw<1 - um)(l - ul)_
A3(vawum(1 - ul) + er;*(l - ul)) - )\4u1XwVw - )\5UIX7"‘/7"7
. oL
Ag = B e (i + Zy) — Asev,, porw(1 — u2) — Agtgevupirw + Ao (BZ — cZ)—
AlOﬁza
. oL
Az = NoT - Ns(perr + aZy) — Arey, e (1 — u2) — Agusey, iy + Ao (BZ — cZ) — Mo Z,
: oL
ME —— =)
4 EI 4T,
: oL
s = — =\
5 a1, 51,
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0L

}\6 = _W = —wi + )\1wa — )\QXwT(l — Um)<1 - Ul) - ASXwTum<1 - ul) - )\4XwTu1
+ )\6:qu7
: oL
A= = = —wr + 6T = doxe T(1 =) = A, T(1 = wn) = Aaxe T + Aepyr,
. oL
Ag = — =\
8 v, 8HUV,
G = 2L ) ( + B(Iy + 1) — (1 +I))—>\ B(I, + 1)
9 — 8Z = A9\ Uz w r C{Ly r 10 w r
A OL _ oI + o, + A
10 = oz, = Ny, 30Uy 10142,
where,

AN(Ty) =0,i=1,...,10 (76)

are the transversality conditions.

Theorem 5. The optimal controls (uf,us,u’,) awhichsminimizes the objective function
given by equation (53) over the invariant region are_given by:

x s ( ()\2 - )\4)XwTVw + ()‘3 - )\4)X7’TV;~>
u; = min ( max |0, 1
[0,7%] 24,
x . (>\6 - )\S)GVw,qu]w + <)\7 - )\S)EVT:LLIT‘IT’
Uy = [Igl%;l] (maz (0, oA, 1 (77)
u,, = min | maw,| 0; (Ao~ ) (L= )X Vi 1
[Ova] 2A3
Proof. At the optimal“controls uj, u3, v, the following condition hold:
oL
= =0,
aul
oL
= —9 78
oL
—=
Oy,

Therefore, differentiating the Lagrangian, L, given in equation (73) with respect to u; on
the set U : t|0 < uy(t) < 1, the following optimality equation is obtained;

oL

= — 2141“1_(l_um)XwTVw)\Q_(umeTVw"i_XrT‘/T))\3+XwTVw)\4+XrTV;")\5+w11_w12 =0

8u1
(79)

Let uy = uj in equation (79). Then, solving equation (79) the optimal control u} becomes
« ((1 — um>)\2 -+ um)\3 — /\4>Xwva -+ (/\3 — )\5)XTT‘/; + W12 — W11

Uy = 2A1 (80)
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To determine an explicit expression for an optimal control u] without wi; and w2, we
consider the following three cases:

1. On the set (|0 < u} < 1), suppose wy; = wiy = 0 in equation (80). Then the
optimal control uj is given by
((1 - um)AQ + um>\3 - )\4)XwTVw + ()\3 - )\5)XTT‘/;'

= 81
Uy 2./41 ( )

2. Similarly, on the set (t|uj = 1) let wy; = 0 and wyy > 0 then equation (80) gives

(1 = um) A2 + umAs — M) xwT Vi + (A3 — ) TV wio

Uy 1 2141 ( )
Equation (82) reduces to
((]— - um))\Q + um>\3 - >\4)XwTVw + (>\3 - >\5)X7"TV;“ S 1 _ UT (83)

24,

3. Finally, on the set (t|u = 0), let wis = Orand wi; > 0 then equation (80) gives

(1 = um) A2 + umAs =A) x0TV + (A3 — X)), TV, — w1y

* p— pr— 4
Uy 0 2141 (8 )
which implies that
((1 - um)A2 + um>\3 - >\4)XwTVw + (>‘3 - )\5)X7"TV;" Z 0 (85)
2A,
Thus, for the this setithe control u;* is given as
1 — Up) A mA3 — A1) Xl Vi + (A3 — A5)x: TV

= mam(O, (L= um) s + ums ;LX + (s = X)X ) (86)

1

Combining the three cases, the control uj(t) reduces to, formulated as:

(maz <0, ((1 - um))‘Z + Um)\S - )\4)XwTVw + ()‘3 - )\5)XTT‘/T‘>’ 1) (87)

uj =wmin
. 24,
The same argument is used in obtaining an explicit expression for an optimal control u}
without ws; and wyy. This is done by differentiating the Lagrangian L given in equation
(73) with respect to ug on the set U : t|0 < uy(t) < 1. Thus the optimality equation as
was obtained as
oL

B = 2A5us + (Ng — A7) evuptrwlw + (Ao — Ag)evptirrdy — was +way = 0 at uy = uj (88)
2
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Therefore, solving equation (88) the optimal control u} is given as

. (N6 = As)evwlrwly + (A7 — As)evrfin Iy + wag — woy
u2 = 2A2 (89)

According to the conditions given by equation (74) the following distinct three cases are
derived;

1. On the set (|0 < ul < 1), let wa; = wey = 0 in equation (98). Then the optimal u}
control is given by

<)\6 - )\S)EV’LUIU/IU)I’LU + (>\7 - )\8>6VT/LITI7‘
2A,

(90)

*_
u2_

2. On the set (t|us = 1), let we; = 0 and wye > 0 then fromeequation (98) the control
u; becomes

(A6 = As)evultrnlw + (A —As)evrpirr Iy + wae

r=1= 1
Ug 2A2 (9 )
Rearranging equation (100) reduces to,
)\ - )\ w w-[w )\ - >\ T 7"]7’
(A6 — As)evutirulw ¥ (Az™= As)evriur <l=u (92)

24

3. Finally, on the set (t|ud = 0)ylet wey = 0 and woy > 0 then from equation (98) the
control u} becomes

(A6 — As)evuwptrwly + (A7 — Ag)evrpiry I, — woy

Uy = 0= >4, (93)
which implies that
(A6 = A8)evwhtrwly + (A7 — As)evepir >0 (94)
24,
Thusyfor the this set the control uj is given as
)\ - )\ w qu; >\ - )\ T ’I‘I'I’
uy = max | 0, (A 8Vl (O )evrits (95)
24,
Hence, the optimal control uy*(t) is formulated as follows:
A — A w wIw A7 — A r r[r
Uy = Mmin (ma:r (O, (Ao 8)€vulls 22( T s)eveit ) ,1) (96)
2

The same argument is used in obtaining an explicit expression for an optimal control u;,
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without ws; and wsy. This is done by differentiating the Lagrangian L given in equation
(73) with respect to u,, on the set U : t|0 < u,,(t) < 1. Thus the optimality equation as
was obtained as

oL y

aT = 2A3um + (/\3 — )\2>(1 — U1>Xwva + W31 — W3 = 0 at Uy, = Uy, (97)

Therefore, solving equation (97) the optimal control }, is given as

w = (A2 = A3) (1 — ug)xw TV — w31 + w3y (98)
2A3

According to the conditions given by equation (74) the following distinct three cases are
derived;

1. On the set (¢0 < u}, < 1), let ws; = w32 = 0 in equation (98). Then the optimal
uy. control is given by
(A2 = A3) (1 —ain Jxw TV

2. On the set (t|u), = 1), let w3 = 0 and w3 >0 then from equation (98) the control
u’, becomes

_ ()‘2 B )‘3)(1 - ul)XwTVw + w32

S 100
0 - (100)
Rearranging equation (100), reduces to,
Ao — Az)(1 — wl Vi
(Ao Xs)(1 —u1)x + W32 <l=u (101)
2A3

3. Finally, onthe set (t|ul, = 0). let wss = 0 and wsy; > 0 then from equation (98) the
control ui, becomes

(A2 = A3)(1 — 1) X TViy — w3y

=0 = 102
whieh’implies that
(A2 = A3) (1 — wr ) xwTVay
> 1
o, >0 (103)
Thus, for the this set the control u}, is given as
Ay — A3)(1 — wl Vi
u, = mag (0, Q2= 21— w)xu TV, (104)
245
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Hence, the optimal control u,,*(t) is formulated as follows:

wh = min <max <0, (A2 = A3)(1 = “1>XwTV‘”> , 1) (105)

2A3

6 Numerical analysis

In this section, we investigate the numerical simulations of model (1) with and without
controls. Here we apply the forward-backward sweep method (EBSM) which uses the
Runge-Kutta fourth order scheme. We start the process with”an initial guess of the
control variables, that is, uy, us and u,,. Then the state equations are solved forward in
time and the adjoint equations are solved backward in time. Moreover, the controls are
updated by using a convex combination of the previous-¢ontrols and the value from the
characterizations of uq, us and u,,. The process is repeated until convergence is achieved.
For numerical analysis this study adopted the values asigiven and justified in Tables 2
and 3.

Table 2: The initial values for the variables for HIV in-vivo model

Variable Initial Values

T(t) T(0).= 500 cell/mm3

L;(t) L;(0) = 100 cell/mm?
I, :(0) =0 cell/mm?®

Vi(t) Vi(0)=1 0 virion/mm?®

Valt) V,(0) =0 virion/mm?
Z(t) Z(0) =100 cell/mm?

Z;(t) Z,(0) =10 cell/mm?
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Table 3: Parameters for HIV in-vivo with therapy model

Parameters Value Source
A 10 cell/mm?/day 23]
o 0.01 day ™' [24]

Xi 0.000024 mm? vir~1 day~ 1 [25]
i1, 0.5 day™ 1 [26]
12559 0.5 dayfl [ ]
EV, 100 vir. cell”1 day™1 Estimate
Ly, 2.4 day~1 [27].
Ly, 0.06 day ™1 Estimate
a 0.02 day ™" Q]

c 0.0000005 cell/ mm?/day [28].
Az 20 cell/ mm?/day [29)¢
Lz 0.06 day " [30]

3 0.004 day ™" [9]
1z, 0.004 day ™" [15]

6.1 Relationship between controls-and drug resistance mutation

From Figures 2 it is evident that when the efficacy of Protease inhibitor is at the maximum,
the level of drug resistance mutation is at a'minimum. However, after four months of using
the drug, the level of drug resistance.nutation increases with prolonged treatment. This is
a very important observation siice it gives insight on why the health practitioners should
change the treatment regime/and give'a different one to avoid resistance. It is also evident
that use of protease inhibitor/remains at a maximum for the first five months and then
reduces to a minimum,

1 T T T T T T T T T
uz
09 —_—

Control Profiles

o 1 2 3 4 5 6 7 8 9 10
Time (months)

Figure 2
Drug resistant due to Protease inhibitor

Figure 3 represents a very important phenomena. From the figure we see that even when
the use of Reverse Transcriptase inhibitor is at the maximum the level of drug resistance
mutation is very high. The only feasible explanation would be due to the dead time the
reverse inhibitor takes before getting to a maximum. The patient had a drug resistant
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virus which with time before the control took into effects continued to multiply.

Control Profiles

6 7 10

4 5
Time (Months)

Figure 3
Drug resistant due to Reverse Transcriptase inhibitor

From Figure 4 we observe that the Reverse Transctiptase inhibitor behaves like a bang
bang control. This means that it is very important=for, us to apply Bang-Bang Control
on this in-vivo HIV Model and compare the results. However, no much effect on the
mutation of the virus can be deduced from Figure-4. In addition, the results indicate
that protease inhibitor should be administered\for the first five months and the reverse
transcriptase inhibitor should be introduced.

Control Profiles

3 4 5 6
Time (Months)

Figure 4
Drug resistant due to Reverse Transcriptase and Protease inhibitors

In Figure 5 we assumed that there is no drug resistance mutation, that is, u,, = 0 it is
evident that protease inhibitor is more effective and remains at a maximum for a very
long period of time unlike the Reverse Transcriptase inhibitor.
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Drug resistant due to protease inhibito
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Figure 6
Susceptible CD4" T-cells
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‘Wild type Infected CD4+T-cells

Figure 7 Figure 8
Wild type Infected CD4" T-cells Resistant type Infected CD4%, T-cells

From Figures 6 to 8 it is evident that use of HAART plays a pardamount role in HIV
suppression. This is so since we see the number of the.dnfected) CD4" T-cells reducing
significantly while the number of the susceptible CD4 '« T-cells increase in presence of the
HIV controls. This shows how use of antiretroviral therapy is remarkably effective in con-
trolling the progression of human immunodeficiengy.virus (HIV) infection and prolonging
patients survival. Nonetheless, in Figure 8 we observe that even with the introduction of
the HAART the there is an increase in the number, of the cells infected by the resistant
type virus, this is because the drugs takes time before it manages to penetrate and destroy
the cells infected by the resistant virus.

7 Conclusion

In this study, a deterministic niodel for the in-vivo dynamics of HIV is formulated and
analysed. The qualitative analysis of the model shows that the solutions of the model
are bounded and positive. “I'he infection-free equilibrium point of the model is obtained
and its local as well as global stability condition investigated in reference to the basic
reproduction number, ‘in- which the results indicate that the infection-free equilibrium of
the model is_bothlocally and globally stable.

The Pontryaging’ maximum principle is used in the formulation of the optimal control
problem. The conditions for optimal control of the HIV are analyzed with respect to
two treatment regimes. Existence conditions for optimal control are established and the
optimality system is developed. The proposed strategies are investigated numerically by
use of forward-backward sweep method and their results are displayed graphically. The
findings indicate that protease inhibitor is the most effective drug for HIV treatment if
well implemented.

Use of antiretroviral therapy has proven to be remarkably effective in controlling the
progression of human immunodeficiency virus (HIV) infection and prolonging patients
survival. However, the results indicate that prolonged use of antiretroviral therapy could
be very catastrophic since it leads to emergence of drug resistant mutation. It is therefore
paramount for all stake holders in the field of HIV to deduce ways of preventing cases of
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acquired drug resistance developing during treatment, because they can lead to cases of
transmitted resistance and may significantly contribute to the HIV epidemic.
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