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Versatile event-based approaches for the definition of novel information theory-
based indices (IFIs) are presented. An event in this context is the criterion
followed in the ‘‘discovery’’ of molecular substructures, which in turn serve as
basis for the construction of the generalized incidence and relations frequency
matrices, Q and F, respectively. From the resultant F, Shannon’s, mutual,
conditional and joint entropy-based IFIs are computed. In previous reports, an
event named connected subgraphs was presented. The present study is an
extension of this notion, in which we introduce other events, namely: terminal
paths, vertex path incidence, quantum subgraphs, walks of length k, Sach’s
subgraphs, MACCs, E-state and substructure fingerprints and, finally, Ghose and
Crippen atom-types for hydrophobicity and refractivity. Moreover, we define
magnitude-based IFIs, introducing the use of the magnitude criterion in the
definition of mutual, conditional and joint entropy-based IFIs. We also discuss
the use of information-theoretic parameters as a measure of the dissimilarity of
codified structural information of molecules. Finally, a comparison of the
statistics for QSPR models obtained with the proposed IFIs and DRAGON’s
molecular descriptors for two physicochemical properties logP and logK of 34
derivatives of 2-furylethylenes demonstrates similar to better predictive ability
than the latter.
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‘‘There are no restrictions on the design of structural invariants; the limiting factor is one’s own
imagination.’’

M. Randić (1996)

1. Introduction

It has long been known that there exists an intimate connection between the structure of a
molecule and its physical, chemical and biological properties [1,2]. However, profitable
analysis of this relationship requires ‘‘condensation’’ of molecular structure information into
some kind of numeric representation to facilitate structure–property correlation evalua-
tions. This constitutes one of the primary objectives of mathematical chemistry; that is, the
development of simple numeric representations for molecular skeletons, also known as
theoretical molecular descriptors [3–5]. Although in recent years the number of molecular
descriptors (MDs) has increased considerably, to more than 3000 MDs [3], the search for
new MDs continues, with the hope of increasing diversity and potentially codifying
structural information not adequately captured by the existing MD pool. Indeed, it is
unrealistic to infer that a particular MD (or group of MDs) could satisfactorily describe all
chemical, physical, physicochemical and biological activities of molecules. The lack of a sole
numeric model that completely represents amolecular structure is reflected in a statement by
Weiner: ‘‘The best model of a cat is another cat or, better, the cat itself.’’ [6]. This statement
poses an intricate dilemma to mathematical chemists. How best can we approximate to the
complete description of a molecular structure without need of another identical molecular
structure? The widely accepted approach by chemometricians for this challenge is a case-
wise analysis; that is, to form models sensitive to the structural features of interest for a
specific case of study. Such an approach calls for the creation of a widely diverse collection
ofMDs, to rely on as a source of mathematical tools for different chemometric studies. It is,
hence, natural that the need for the definition of novel MDs will continue deserving the
attention of researchers. Basically, this goal constitutes the extrapolation of different
concepts or theories from different fields, such as quantum chemistry, information theory,
organic chemistry, graph theory, algebra, physics, and so on; and applying them to problems
related to the codification of molecular structures; or redefining – or probably more
precisely, generalizing – already existing concepts to improve their performance.

In initial reports [7,8], we introduced a series of novel information indices (IFIs), derived
from a connected subgraphs event-based approach, applying the concepts of Shannon’s,
mutual, conditional and joint entropy over duplex, triple and quadruple frequency relations,
condensed in respective matrix representations. The present work is aimed at extending the
notion of events, in order to broaden the perspective towards a molecular graph (G). This in
turn allows us to generate relations frequency matrices from different points of view, with
the hope of codifying different structural information, if any, of a G.

2. Theoretical approach

2.1 Overview

An event, in simple terms, refers to the criterion from a graph-theoretic, chemical and
physicochemical point of view, followed in the generation of subgraphs (or substructure,
atom-type) from a given G. The set of the generated subgraphs subsequently serves as
basis for the construction of the relations frequency matrices, through the computation of
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the participation frequencies of vertices that constitute G in the formation of the

corresponding set of subgraphs.
Before we proceed, let us have a brief mathematical recapitulation of the concepts

introduced in the previous articles, critical for the comprehension of the definitions and

notations presented in this report.
To begin with, we define an event E, which is true when certain conditions of an

examined procedure are fulfilled. The event E determines a bi-dimensional matrix

Q¼ [qij]m�n, each column of which corresponds reciprocally to a condition, true in the

event, and every row, to a collection of conditions, in which the event occurs (in which the

event E is true) and in a Boolean matrix representation, qij is equal to [9]:

. 1, if the jth condition is included in the ith collection of conditions, in which the

event is true;
. 0, otherwise.

Accordingly, every event defines a model for the incidence matrix Q; the conditions

included in the event are the letters corresponding to the model, and the collection of

conditions true in the event would be the words for the model. In other words, each event

serves to establish the set of words that a model will have. For example, an event could be

‘‘the words of the English language related with nature’’.
Subsequently, we introduce the relation frequency matrix F¼ [fij]n�n to characterize the

model  , with the incidence matrix Q( )¼ [qij]m�n [9]. We denominate relation frequency

matrix F¼ [fij]n�n, one in which each row and column correspond reciprocally to a

condition, and the element fij is equal to the number of words that contain the letters i and

j, respectively, if i 6¼ j. On the other hand, if i¼ j, then fi (fii) corresponds to the number of

words that contain the letter i. The term fi is known as the individual frequency of letter i

and fij the reciprocal frequency of the letters i and j.
From the definition of the F, one notices that it is symmetric with respect to the

principal diagonal, that is fij¼ fji, and the individual frequency of each letter is greater than

(or equal to) the reciprocal frequency of this letter with any other letter, fi� fij. It can also

be demonstrated that: F¼QT
�Q, QT being the transpose matrix of an ‘‘incidence’’

matrix [Q ( )] for the model  [9].
One could also arrive at this relation frequency matrix using a simple exploratory

method. Let us consider a model where we have nine words of the English language related

with nature in which no letter is repeated: EARTH ORANGE MINERAL RIVER

MOUNTAIN OCEAN STREAM VALLEY PEARL BEACH WATER.
Our interest in this case is to find the number of times (frequency) that a subset of two

letters participates in the formation of the same word (duplex participation frequency).

If we look at letters {A, E} for example, these simultaneously participate in the formation

of the words: EARTH, ORANGE, MINERAL, OCEAN, STREAM, VALLEY, PEARL,

BEACH and WATER, i.e. participate nine times in the formation of the same word,

fAE¼ 9. The participation frequencies of all possible two-component subsets of letters (fij)

could be similarly explored, as well as the participation frequencies of each of the letters (fi)

that constitute these words. These frequencies are the components for the relation

frequency matrix, F [7].
This analysis could be furthered to explore the number of times that subsets of 3, 4, 5,

6, 7 . . . n letters participate in the same word. In this paper, we will solely utilize duplex

participation frequencies.
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2.2 Event-based criteria in graphs theory and cheminformatics

Having introduced these concepts and procedure in the preceding section, ground is
provided for their application to chemical graph theory in the codification of molecular
structures. We will discuss 10 new events, some entirely graph-theoretical while others
incorporate organic chemistry concepts and physicochemical considerations. However, let
us first go over the procedure followed in the definition of event previously introduced,
which we will consider as the first event.

2.2.1 Connected subgraphs (CS)

The criterion followed in this event to generate subgraphs for a given G is connectivity, and
thus the event is denominated connected subgraphs. Accordingly, the conditions (letters of
the model) included in the event are the vertices (atom-nuclei) present in each collection of
conditions (connected subgraphs, which are the words of the model).

Let us take the molecule of 4-methylcyclobuta-1,3-dienamine as a simple example (see
Figure 1a), where the numbers correspond to the labels that are assigned to the carbon
atoms (vertices) in the molecular structure.

First we obtain all possible connected subgraphs of different orders from G based on
the atomic relations.

Order 0 C1, C2, C3, C4, N5, C6

Order 1 C1-C2, C1-C4, C1-C6, C2-C3, C3-C4, C4-N5

Order 2 C1-C2-C3, C4-C1-C2, C1-C2-C6, C3-C4-C1, C1-C4-C3, C1-C4-N5, C4-C1-
C6, C2-C3-C4, C3-C4-N5

Order 3 C1-C2-C3-C4, C2-C3-C4-N5, C3-C4-C5-C1, N5-C4-C1-C6, N5-C4-C1-C2,
C4-C1-C2-C6, C6-C1-C2-C4, C6-C1-C2-C3, C6-C1-C4-C3
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Figure 1. (a) The chemical structure for the molecule of 4-methylcyclobuta-1,3-dienamine;
(b) The molecular graph for 1,2-dimethylcyclobutane; and (c) H-filled molecular graph for the
molecule of 4-methylcyclobuta-1,3-dienamine.
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Order 4 C1-C2-C3-C4-N5, C6-C1-C2-C3-C4, C6-C1-C4-N5-C2, C6-C1-C4-N5-C3

Order 5 C6-C1-C2-C3-C4-N5

These connected subgraphs are subsequently represented in an incidence matrix (QCS),

from which we obtain the corresponding relation frequency matrix (FCS) as shown below.

QCS ¼

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 1 0 0 0 0

1 0 0 1 0 0

1 0 0 0 0 1

0 1 1 0 0 0

0 0 1 1 0 0

0 0 0 1 1 0

1 1 1 0 0 0

1 1 0 1 0 0

1 1 0 0 0 1

1 0 1 1 0 0

1 0 0 1 1 0

1 0 0 1 0 1

0 1 1 1 0 0

0 0 1 1 1 0

1 1 1 1 0 0

1 1 1 0 0 1

1 1 0 1 1 0

1 1 0 1 0 1

1 0 1 1 1 0

1 0 1 1 0 1

1 0 0 1 1 1

0 1 1 1 1 0

1 1 1 1 1 0

1 1 1 1 0 1

1 1 0 1 1 1

1 0 1 1 1 1

1 1 1 1 1 1

2
66666666666666666666666666666666666666666666666666666666666666666666666666664

3
77777777777777777777777777777777777777777777777777777777777777777777777777775

FCS ¼

22 12 10 16 8 11

12 16 9 10 5 6

10 9 16 12 6 5

16 10 12 22 11 8

8 5 6 11 12 4

11 6 5 8 4 12

2
666666664

3
777777775
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The number of inclusions of each vertex in the carbon skeletons permits us to establish
the required frequencies. For example, vertex (letter) 1 participates 22 times in the
formation of the subgraphs (words).

The graph-theoretical concepts of subgraph orders and types, namely: path (p), cluster
(c) and path-cluster (pc), according to Kier–Hall nomenclature [3,10–12], could be
employed as specific criteria to generate the connected subgraphs. A particular case where
only subgraphs of order 1 (pairs of vertices or edges in G) are considered, the formed
matrix Q coincides with the common incidence matrix used in graph theory.

2.2.2 Quantum (Q)

The quantum event is based on the removal of the edges joining vertices vi and vj from G,
with replacement. The use of the term ‘‘quantum’’ is not remotely related to quantum
theory. It is simply chosen in reference to the removal of discrete units (i.e. edges) from G,
analogous to the classical postulation by Ludwig Boltzmann of the discrete nature of
energy states of a physical system. The resulting subgraphs are used to construct the
incidence matrix. This is a successive procedure which could be performed for 1 up to n� 1
edges. In the conception of this event, we however opted to only work with the removal of
to six edges as maximum, taking into account the computational cost that would arise in
the implementation of an event of this nature. This event is defined for simple graphs
(graphs that do not take into account multiples, neither bonds nor heteroatoms). In effect,
we will use for illustrative purposes the molecule of 1,2-dimethylcyclobutane, an isomorph
of 4-methylcyclobuta-1,3-dienamine (see Figure 1b). Let us denominate the edges (C1-C2),
(C2-C3), (C3-C4), (C4-C1), (C4-N5), (C1-C6) as a, b, c, d, e and f respectively. Table 1 shows
the subgraphs formed upon the removal of up to three edges from G.

Accordingly, these subgraphs represented in Table 1 are used to construct the quantum
incidence matrix (QQ), which in turn gives the corresponding quantum frequency
matrix (QF).

As in the case of the connected subgraphs events, we may wish to compute quantum
incidence matrices with reduced dimensions, in the sense that not all the generated
subgraphs are considered. As in the preceding event, the graph-theoretical concepts of
subgraph orders and types, namely: path (p), cluster (cl), path-cluster (pc) and cycles (c),
according to Kier–Hall nomenclature, are employed as criteria to generate these particular
subgraphs.

2.2.3 Terminal paths (T)

This is a peculiar event which traces i-j path subgraph types in a given G that fulfil the
condition that the terminal vertices (vi and vj) have a valence vertex degree (�) of one [13].
In the case of the molecule of 4-methylcyclobuta-1,3-dienamine as a simple example (see
Figure 1a), the terminal paths present in this G are: N5-C4-C1-C6 and C6-C1-C2-C3-C4-N5.
These terminal paths subgraphs consequently constitute the respective incidence (QT) and
the relations frequency (FT) matrices.

2.2.4 Vertex path incidence (VP)

This event is derived from the definition proposed by Janezic et al. of a vertex-path
incidence matrix, VP [14]. It follows that given that V is the set of vertices {vi} and P the set
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of paths {pj}, then the VP incidence matrix is defined as

VP½ �ij¼
nði, j Þ if fvig and fpjg have non� zero intersections

0 otherwise

�

where n(i,j) is the number of incidences between two sets {vi} and {pj}.
Note that in order to maintain the same scheme followed in the definitions presented so

far, we work with the transpose ofVP, i.e.VPT, represented asVP*, in the sense that the row
entries represent the subgraphs participation intensities and the column entries the vertex

participation intensities, contrary to the initial matrix definition presented by Janezic et al.
This approach is quite different from the particularity presented in the connected

subgraphs incidence matrix approach in which vertex paths are exclusively considered in

that, in this case, the row entries follow the computation of the number of times that vertex
(vi) is included vertex paths of a particular order, while in the former the row entries are
simple Boolean representations of the participation of the vertices in a given subgraph. As

in the previous event, let us use the molecule of 4-methylcyclobuta-1,3-dienamine as an
example. The corresponding incidence (QVP*) and the relations frequency (FVP*) matrices

are shown below:

QVP�¼

1 2 3 4 5 6

p0

p1

p2

p3

p4

p5

1 1 1 1 1 1

3 2 2 3 1 1

3 3 3 3 2 2

1 2 2 2 3 3

1 1 1 1 2 2

0 0 0 0 1 1

2
666666664

3
777777775

FVP�¼

21 19 19 22 15 15

19 19 19 21 17 17

19 19 19 21 17 17

22 21 21 24 18 18

15 17 17 18 20 20

15 17 17 18 20 20

2
666666664

3
777777775

Table 1. Subgraphs formed upon the removal of edges from the G of 1,2-dimethylcyclobutane.

Removed edge Subgraphs Removed edge Subgraphs

a C2-C3-C4-C1-C6-N5 abc C2, C3, N5-C4-C1-C6

b N5-C4-C1-C2-C3-C6 abd C2-C3, C1-C6,C4-N5

c C6-C1-C2-C4-C3-N5 abe C2-C3, C6, C1-C4-N5

d C6-C1-C2-C3-C4-N5 abf C2-C3, N5, C6-C1-C4

e C6, N5-C4-C1-C2-C3-C4 acd C2, C1-C6, C3-C4-N5

f N5, C6-C1-C2-C3-C4-C1 ace C2, C6, C1-C4-C3-N5

ab C2-C3, N5-C4-C1-C6 acf C2, N5, C3-C4-C1-C6

ac C2,C6-C1-C4-C3-N5 ade C6, C1, C2-C3-C4-N5

ad C1-C6, C2-C3-C4-N5 aef C6, N5, C1-C4-C3-C2

ae C6, C2-C3-C4-C1-N5 adf C6-C1, N5, C2-C3-C4

af N5, C2-C3-C4-C1-C6 bcd C3, C4-N5, C6-C1-C2

bc C3, C6-C1-C2-C4-N5 bce C3, C6, N5-C4-C1-C2

bd C4-N5,C6-C1-C2-C3 bcf C3, N5, C6-C1-C2-C4

be C6, N5-C4-C1-C2-C3 bde C6, C4-N5,C1-C2-C3

bf N5, C3-C2-C1-C4-C6 bdf C4, N5, C6-C1-C2-C3

cd C6-C1-C2, C3-C4-N5 bef C6, N5, C4-C1-C2-C3

ce C6, C2-C1-C4-C3-N5 cde C6, C1-C2, C3-C4-N5

cf N5, C3-C4-C1-C2-C6 cdf C6-C1-C2, N5, C3-C4

de C6, C1-C2-C3-C4-N5 cef C6, N5, C2-C1-C4-C3

df N5, C6-C1-C2-C3-C4 def C6, N5, C1-C2-C3-C4

ef C6, N5, C1-C2-C3-C4-C1
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2.2.5 Walks of length k (K)

This event arises from the exploration of walks of length k in a given G. However, in a G

with many vertices, walks of this kind are exceptionally numerous and could give rise to

redundancy. We thus deemed it necessary to set the maximum walks order, mmax, of the

generated walks at 10. Let us continue with the same example of the molecule of 4-

methylcyclobuta-1,3-dienamine. We will use walks of orders 0, 1 and 2, only, for

convenience. In this example we take into account self-avoiding as well as self-returning

walks. For example in case of order 2, there exist four self-avoiding walks between v1 and

v3 (i.e. ae, be, fd, fc) and six self-returning walks to v1 (see Table 2).
As can be seen in Table 2, this event presents a peculiar characteristic in that the walk

counts are thermodynamic in nature rather than kinetic, in the sense that only the initial

and final states (vertices) are taken into account. The incidence matrix for the walks of

length k event (QW) and subsequent the frequency matrix (FW) for walks of lengths k 0, 1

and 2 are as shown below.

QW ¼:

1

2

3

4

5

6

1� 2

2� 3

3� 4

1� 4

1� 6

4� 5

1� 3

1� 5

1� 1

2� 4

2� 6

2� 2

3� 3

3� 5

4� 4

4� 6

5� 5

6� 6

v1 v2 v3 v4 v5 v6

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2 2 0 0 0 0

0 1 1 0 0 0

0 0 2 2 0 0

1 0 0 1 0 0

1 0 0 0 0 1

0 0 0 1 1 0

4 0 4 0 0 0

1 0 0 0 1 0

6 0 0 0 0 0

0 4 0 4 0 0

0 2 0 0 0 2

0 5 0 0 0 0

0 0 5 0 0 0

0 0 2 0 2 0

0 0 0 6 0 0

0 0 0 1 0 1

0 0 0 0 1 0

0 0 0 0 0 1

2
666666666666666666666666666666666666666666666666666666664

3
777777777777777777777777777777777777777777777777777777775

FW ¼

60 4 16 1 1 1

4 51 1 16 0 4

16 1 51 4 4 0

1 16 4 60 1 1

1 0 4 1 8 0

1 4 0 1 0 8

2
666666664

3
777777775
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2.2.6 Sach’s subgraphs (S)

Since the introduction of the renowned Sach’s theorem by the German mathematician

Horst Sach in 1964, it has had a wide range of applications in theoretical chemistry

[15–19]. This is yet another application, quite different, as it is neither related to the

reconstruction of structural graphs nor the analysis of the relationships between the

spectral and structural properties of graphs. Our interest lies in the use of the subgraphs

generated using Sach’s theorem as criterion to construct generalized incidence matrices

and their corresponding frequency matrices. In this criterion G is ‘‘partitioned’’ into

subgraphs, using the following considerations [16,17]:

(a) isolated subgraphs constituted of two vertices connected by an edge;
(b) isolated cycles or ring-type components (with multiplicity m� 3)

Using these considerations, sets of subgraphs (Sk) are constructed, where k indicates

the number of vertices that constitute a given subgraph. These subgraphs, constructed

from considerations of no other than isolated edges and/or isolated cycles are called

‘‘Sachs’ graphs’’. Let us use the same illustrative example of the G of 4-methylcyclobuta-

1,3-dienamine. Figure 2 shows the Sachs’ subgraphs constructed from G.
The Sachs’ graphs are drawn within parentheses and the set of all Sachs graphs Sk

are denoted in brackets. The obtained subgraphs are used to construct the

Table 2. Walks of length k for the G of 4-methylcyclobuta-1,3-
dienamine.

Orders Walk Type

0 C1

C2

C3

C4

N5

C6

1 a, b
e
c, d
f
g
h

2 ae, be, fd, fc self-avoiding
fh self-avoiding
gg, ff, aa, ab, bb, ba self-returning
af, bf, ed, ec self-avoiding
ag, bg self-avoiding
aa, bb, ab, ba, ee self-returning
ee, cc, dd, cd, dc self-returning
ch, dh self-avoiding
ff, hh, cc, dd, cd, dc self-returning
fg self-avoiding
hh self-returning
gg self-returning
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generalized incidence matrix, Qs, from which the corresponding frequency matrix, Fs, is

later obtained.

QS ¼

v1 v2 v3 v4 v5 v6

1 1 0 0 0 0

0 1 1 0 0 0

0 0 1 1 0 0

1 0 0 1 0 0

0 0 0 1 1 0

1 0 0 0 0 1

1 1 1 1 0 0

1 1 1 1 0 0

1 0 0 1 1 1

1 1 1 0 0 1

1 0 1 1 0 1

0 1 1 1 1 0

1 1 0 1 1 0

1 1 1 1 0 0

2
66666666666666666666666666666664

3
77777777777777777777777777777775

FS ¼

10 6 5 7 2 4

6 8 6 5 2 1

5 6 8 6 1 2

7 5 6 10 4 2

2 2 1 4 4 1

4 1 2 2 1 4

2
666666664

3
777777775

Sach’s theorem can be extended to analyse heteroatomic and multiple bond systems.

In order to achieve this, the heteroatoms are depicted by the use of a self-loop

representation, according to graphical method proposed by Mallion et al. [20]. In this way,

the self-loop can be considered as a hypothetical edge connecting a real and an imaginary

vertex. The loop represents a lone pair of electrons, where if X has more than one lone

pair, we have more than one loop. The self-loop representation has been previously used in

extensions of Sach’s theorem to heteroconjugated systems but with different consider-

ations that will not be used in this approximation [19]. In the case of multiple bond
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Figure 2. Sachs’ subgraphs of the G for 4-methylcyclobuta-1,3-dienamine.
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systems, a � bond is considered to constitute an imaginary edge between vertices vi and vj,
in the sense that a multiple bond is composed of a real and an imaginary edge(s).
This approximation is derived from considerations used in determining chiral centre
configurations in stereochemistry, according to Cahn et al. [21], and could be viewed as a
supplement to Sach’s theorem. Figure 3 shows what the resulting subgraph sets in this case
would be.

The computational cost incurred in the implementation of such an event dictates that
we work with sets Sk with maximum k value of eight.

2.2.7 Fingerprints

In simple terms, a chemical fingerprint is a list of binary values (known as a bit string),
which respond to the query about the presence (or no) of given features (i.e. atom types or

Figure 3. Sachs’ subgraphs of the G for 4-methylcyclobuta-1,3-dienamine with heteroatomic and
multiple bond considerations.
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fragments) in a molecular structure. There exist various fingerprints, most of which
are implemented in Structural Chemometric and Bioinformatic libraries such as
CDK [22,23], Joelib [24], RDKit [25], etc. Our intention in this study is not to use these
fingerprints for the classical similarity comparisons and database filtering, but rather
as criteria for introducing new events, and from these we intend to select three
representative fingerprints, namely: MACCS, E-state and Substructure fingerprints.
This approach differs from all the previously presented events in the sense that,
contrary to all the previous events which commence with a search of the possible
sub-structures according to the criterion in question, here we rely on a fixed number
of substructures and the exploration is aimed at verifying their existence or not in a
given G.

2.2.7.1. MACCS fingerprints (MA). Various keyset lengths for MACCS fingerprints
have been reported in the literature [26,27]. Among these the most popular are the 960 bit
and 166 bit keyset lengths based on 2D descriptors. In the present report we use the 166 bit
keyset lengths. To benefit from the MACCS fingerprints query, it is crucial to adapt the
algorithm used in encoding the substructure occurrences to suit our purpose.
Accordingly, in place of a bit string, we employ a vector constituted of numbers that
indicate the positions of the activated prints in the search performed. These properties or
substructures are subsequently identified and used to construct the incidence matrix. As in
the previous events we will use an illustrative example of the G of 4-methylcyclobuta-1,3-
dienamine.

The positions of MACCS fingerprints activated in the 166 bit keyset for this molecule
as well as their respective SMART patterns are shown in the Table 3.

2.2.7.2. E-state fingerprints (ES). These fingerprints are derived from a count of the
electrotopological state fragments [10–12,28,29]. A query of the E-state fingerprints yields
a 79 bit keyset length. As in the case of MACCS fingerprints, our interest is to identify the
positions of the activated fragments, which in turn serve to construct the vector of
fragments, used for the incidence matrix. In the case of the molecule of 4-methylcyclobuta-
1,3-dienamine, a one-component vector is formed, i.e. E-state4-methylcyclobuta-1,3-

dienamine¼ [15], represented as [CD3H0](¼*)(�*)�*.

2.2.7.3. Substructure fingerprints (SS). The substructure fingerprints, comprising a set of
a 307 bit keyset, is rather peculiar in the sense that it entails substructures representative of
practically all functional groups, organic and inorganic, known in molecular medicinal
chemistry, contrary to the MACCS and E-state fingerprints. It is not surprising therefore
that these fingerprints are the most understandable and interpretable in organic chemistry
terms. Table 4 shows the substructure fingerprints activated for the molecule of
4-methylcyclobuta-1,3-dienamine.

Truly, it is evident from Table 4 that a more comprehensible structural corroboration
of the activated fingerprints can be traced in the G. For example, a quick analysis of the
molecule of 4-methylcyclobuta-1,3-dienamine ascertains the presence of conjugated double
bonds, a C-N bond, in addition to axial chirality. The sensitivity to chirality confers to this
event an exceptionally beneficial attribute, in the sense that it would permit discrimination
between stereoisomers. The substructure incidence matrix for the molecule of
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4-methylcyclobuta-1,3-dienamine and the respective frequency matrix are presented below
(see also Table 4).

QSS ¼

v1 v2 v3 v4 v5 v6

1 1 1 1 0 0

0 0 0 1 1 0

1 0 0 1 0 0

2
6664

3
7775 FSS ¼

2 1 1 2 0 0

1 1 1 1 0 0

1 1 1 1 0 0

2 1 1 3 0 0

0 0 0 0 1 0

0 0 0 0 0 0

2
666666664

3
777777775

Note that in structural terms, the substructure fingerprint chiral center specified (306) is

represented in the incidence matrix (QSS) by the vertices that confer axial chirality to the
molecular structure, in this case being the amine (NH2) and methyl (–CH3) groups in

positions 5 and 6, respectively (see row 3 entries of matrix QSS).

2.2.8 Atomic refractivity (AMR) and hydrophobicity (ALOGP)

This event follows a unique approach, different from all the preceding ones, as it is related

to determined atomic physicochemical properties. The conceptual structure of this event
proposes an evaluation of the contribution of the chemical entities (or groups) in the

Table 3. MACCS fingerprints activated for the molecule of 4-methylcy-
clobuta-1,3-dienamine.

Position Fingerprint(SMART)

10 [Be,Mg,Ca,Sr,Ba,Ra] 0 |Group IIa (Alkaline earth)
21 [#6]¼[#6](�[!#6;!#1])�[!#6;!#1] 0 |C¼C(Q)Q
44 ? 0 |OTHER
49 [!þ0] 0 |CHARGE
75 *!@[#7]@* 0 |A!N$A
98 [!#6;!#1]1�*�*�*�*�*�1 0 |QAAAAA@1
132 [#8]�*�[CH2]�*’,0), # OACH2A
149 [C;H3,H4] 1 |CH34 1
155 *!@[CH2]!@* 0 |A!CH2!A
157 [#6]–[#8] 0 |C–O
160 [C;H3,H4] 0 |CH3
164 [#8] 0 |O

Table 4. Substructure fingerprints activated for the molecule of 4-methylcyclobuta-1,3-dienamine.

Position Name Fingerprint(SMART)

286 Conjugated double bond *¼*[*]¼,#,:[*]
294 C ONS bond [#6]�[#7,#8,#16]
306 Chiral centre specified [$([*@](�*)(�*)(*)*),$([*@H](*)(*)*),$([*@](�*)(*)*),

$([*@H](�*)�*)]
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vicinity of a vertex on its atomic molar refractivity (MR) and hydrophobicity (logP), the

latter expressed in terms of partition coefficient values. To achieve this objective, Ghose

and Crippen introduce a set of 110 atom types representing commonly occurring atomic

states of carbon, hydrogen, oxygen, nitrogen, halogens, and sulphur in organic molecules

[30]. Accordingly, the construction of the incidence matrix follows an exploration of the

atom type most representative of the vicinity of a given vertex neighbourhood. The

resulting incidence matrix is defined as:

Q½ �ij¼
logP or MR, if there exists an atom� type analogous to the examined vertex

0 otherwise

�

Let us present an illustration of this event, using the molecule of 4-methylcyclobuta-

1,3-dienamine. Note that contrary to all the previously presented events, this event uses

H-filled molecular graphs (see Figure 1c).
The atom types activated for each vertex in this molecular graph and their respective

positions in the Ghose–Crippen container of atomic contributions to logP and molar

refractivity (MR) are: C1 (17); C2, C3 (16); C4 (19); N5 (66); C6 (1); H7, H8 (47); H9, H10

(50); H11, H12, H13 (46). These are then used to construct the incidence matrix, QM
MRðor APÞ,

from which the corresponding frequency matrix, FM
MRðor APÞ, is obtained as shown below,

taking MR as example:

QM
MR¼

1

16

17

19

46

47

50

66

C1 C2 C3 C4 N5 C6 H7 H8 H9 H10 H11 H12 H13

0 0 0 0 0 2:968 0 0 0 0 0 0 0

0 4:265 4:265 0 0 0 0 0 0 0 0 0 0

3:939 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 4:487 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0:845 0:845 0:845

0 0 0 0 0 0 0:894 0:894 0 0 0 0 0

0 0 0 0 0 0 0 0 0:800 0:800 0 0 0

0 0 0 0 2:622 0 0 0 0 0 0 0 0

2
66666666666666664

3
77777777777777775

FM
MR¼

15:516 0 0 0 0 0 0 0 0 0 0 0 0

0 18:190 18:190 0 0 0 0 0 0 0 0 0 0

0 18:190 18:190 0 0 0 0 0 0 0 0 0 0

0 0 0 20:133 0 0 0 0 0 0 0 0 0

0 0 0 0 6:875 0 0 0 0 0 0 0 0

0 0 0 0 0 8:809 0 0 0 0 0 0 0

0 0 0 0 0 0 0:799 0:799 0 0 0 0 0

0 0 0 0 0 0 0:799 0:799 0 0 0 0 0

0 0 0 0 0 0 0 0 0:640 0:640 0 0 0

0 0 0 0 0 0 0 0 0:640 0:640 0 0 0

0 0 0 0 0 0 0 0 0 0 0:714 0:714 0:714

0 0 0 0 0 0 0 0 0 0 0:714 0:714 0:714

0 0 0 0 0 0 0 0 0 0 0:714 0:714 0:714

2
66666666666666666666664

3
77777777777777777777775
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3. Frequency-based Shannon’s, mutual, conditional and joint IFIs

The relations frequency matrices discussed in Sections 2.2.1–2.2.8 serve as the basis for the
computation of Shannon’s, mutual, conditional and joint entropy-based information
indices. The theory of these IFIs has been extensively explained elsewhere [7,8]. However,
the concepts and formalism followed in the computation of these indices is provided as
supporting information (SI1) available via the Supplementary Content tab on the article’s
online page at http://dx.doi.org/

4. Magnitude-based Shannon’s, mutual, conditional and joint IFIs

The refractivity and hydrophobicity event-based approach (discussed in Section 2.2.8)
paves the way to the prospect of definition of magnitude-based Shannon’s, mutual,
conditional and joint IFIs, using the non-Boolean matrix approach. The equivalence
classes in this case are obtained according to the magnitude criterion [3,31,32], which
postulates that each element is considered as an equivalence class whose cardinality, that
is, number of elements, is equal to the magnitude of the element.

4.1 Magnitude-based total information content, Shannon’s entropy and standardized
information content

These IFIs are defined using the diagonal elements of the refractivity and hydrophobicity
event-based frequency matrices. The general formulae for the calculation of magnitude-
based total information content (negentropy), mean information content (Shannon’s
entropy) and standardized Shannon’s entropy are the following:

Im ¼ Total magnitude � log2 Total magnitude�
Xn
i¼1

f �magnitudei� log2 magnitudei ð1Þ

�Im ¼ �
Xn
i¼1

f �
magnitudei

Total magnitude
� log2

magnitudei
Total magnitude

ð2Þ

I�m ¼
�Im

log2 Total magnitude
ð3Þ

This magnitude could be graph theoretical, such as vertex distance, vertex degree, edge
degree, edge cyclic degree, among others, or a given atomic physical or physicochemical
property such as the atomic mass, refractivity and hydrophobicity. The frequency matrix
values computed for the refractivity and hydrophobicity event are a product of the vertex
frequencies and their respective magnitudes or property values, i.e. f� property (for
hypothetical illustration see supplementary information SI2 available via the
Supplementary Content tab on the article’s online page at http://dx.doi.org/).

Accordingly, Equations (1)–(3) are expressed as:

Im ¼ wT � log 2wT �
Xn
i¼1

f � w2
i � log2 w2

i where wT ¼
Xn
i¼1

w2
i ð4Þ
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�Im ¼ �
Xn
1¼1

f �
w2
i

wT
� log2

w2
i

wT
ð5Þ

I�m ¼
�Im

log2 wT
ð6Þ

The magnitude-based IFIs could be applied to any event in which the incidence matrix

values are replaced with atomic property values.

4.2 Magnitude-based mutual, conditional and joint entropy

For the definition of these IFIs, it is necessary to introduce the magnitude-based

probability matrix. Given weights wij of the magnitude frequency matrix, the probabilities

pij are defined as:

pij ¼
wi �wjPn

i¼1

Pn
j�1 c � wi �wj

where c ¼
1 if fij 4 0

0 otherwise

�
ð7Þ

Remember that the off-diagonal elements of the FM matrix wij¼ fij�(wi�wj), where wi

and wj are the magnitude entries of vertices i and j in the incidence matrix.
When dealing with atomic properties, it is usual to have negative values. It is, however,

mathematically incorrect to have negative probability values. This makes the use of a

rescaling scheme necessary, when there exists at least one negative value in a given set of

property values, for example the atomic hydrophobic values. We employ a rescaling

scheme that gives the property values in the interval [0, 1].
The mutual, conditional and joint entropy-based IFIs on vertex magnitudes are

defined in Equations (8), (9) and (10), respectively, as follows:

Imðu; vÞ ¼ Hmðu; vÞ ¼
XN
i¼1

XN
j¼1

fij � pij log2
pij
pipj

ð8Þ

Hm u; vð Þ ¼ Hm uð Þ �Hmðu=v or Hm uð Þ �Hm v=uð Þ

Hm u=vð Þ ¼ Hm uð Þ �Hm u; vð Þ

Hm v=uð Þ ¼ Hm vð Þ �Hm u; vð Þ

ð9Þ

Imðu, vÞ ¼ Hmðu, vÞ ¼ �
XN
i¼1

XN
j¼1

fij � pij log2 pij ð10Þ

Let us illustrate the computation of the magnitude-based IFIs with the same example

used in previous sections, the molecular structure of 4-methylcyclobuta-1,3-dienamine,

using the refractivity event criterion.
To compute the magnitude-based negentropy, Shannon’s entropy and standardized

Shannon’s entropy indices, first we determine wT, defined as the sum of the principal
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diagonal elements of the FMR matrix (i.e. the .principal diagonal elements wii¼w2
i , where

wi is the magnitude entry of vertex i in the incidence matrix).

wT¼ 15:516þ 18:190þ 18:190þ 20:133þ 6:875þ 8:809þ 0:799þ 0:799

0:640þ 0:640þ 0:714þ 0:714þ 0:714 ¼ 92:733:

Applying the Equations (4), (5) and (6) to the elements wii of the FMR matrix we obtain,

respectively: Im ¼ 260:789 bits, �Im ¼ 2:812 bits per element and I�m ¼ 0:430.
The first step in the calculation of the magnitude-based mutual, conditional and joint

entropies is the computation of the magnitude-based probability matrix, PM, using

Equation (7).

PM¼

0:1355 0 0 0 0 0 0 0 0 0 0 0 0

0 0:1589 0:1589 0 0 0 0 0 0 0 0 0 0

0 0:1589 0:1589 0 0 0 0 0 0 0 0 0 0

0 0 0 0:1758 0 0 0 0 0 0 0 0 0

0 0 0 0 0:0600 0 0 0 0 0 0 0 0

0 0 0 0 0 0:0769 0 0 0 0 0 0 0

0 0 0 0 0 0 0:0070 0:0070 0 0 0 0 0

0 0 0 0 0 0 0:0070 0:0070 0 0 0 0 0

0 0 0 0 0 0 0 0 0:0056 0:0056 0 0 0

0 0 0 0 0 0 0 0 0:0056 0:0056 0 0 0

0 0 0 0 0 0 0 0 0 0 0:0062 0:0062 0:0062

0 0 0 0 0 0 0 0 0 0 0:0062 0:0062 0:0062

0 0 0 0 0 0 0 0 0 0 0:0062 0:0062 0:0062

2
666666666666666666666666664

3
777777777777777777777777775

Subsequently Equations (8), (9) and (10) are applied to matrix PM to obtain the values

of Im(u;v), Im(u/v) and Im(u,v), respectively.
Imðu; vÞ ¼ 3:825 bits, Imðu=vÞ ¼ 28:985 bits, Imðu, vÞ ¼ 3:825 bits
Note that the mutual and joint entropy values are equal. This is not coincidence. It is

attributed to the fact that the off-diagonal elements of the PM are equal to their respective i

and j principal diagonal elements, in which case the formula for mutual entropy reduces to

the one for joint entropy (see Equations 8 and 10).
As in the case of the frequency-based IFIs, the defined norms, means, statistical

invariants and classical algorithms (see supplementary information SI1) could be applied

to the magnitude-based IFIs defined at atomic (vertex) level, i.e. Shannon’s, mutual,

conditional and joint entropies.

5. Materials and methods

5.1 Molecular descriptor computation

5.1.1 Dataset for cluster analysis

For each event, 84 IFIs (variables) are calculated, for a total of 924 IFIs over DRAGON’s

sample data consisting of 41 heterogeneous molecules (see supporting information SI3

available via the Supplementary Content tab on the article’s online page), using the GT-

STAF (acronym for Graph Theoretical Thermodynamic STAte Functions) software, a new

module of TOMOCOMD-CARDD program. The computed variables were filtered to
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exclude the ones with zero variance, and a total of 909 variables remained. Local IFIs for
atom-types or groups were not included in this study.

5.1.2 Dataset for QSPR/QSAR modelling

A dataset comprising 34 2-furylethylene derivatives was used for this study. These 2-
furylethylene derivatives have different substituents in position 5 of the furan ring as well
as in position � of the exo-cyclic double bond (see supporting information, SI4 available
via the Supplementary Content tab on the article’s online page). The GT-STAF software
permits the computation of a remarkably large number of MDs. It would obviously be
tedious to explore the entire MD space. Consequently, a reduced number of GT-STAF
IFIs was calculated for each event and further filtered to eliminate the low-variance MDs.

A total of 3224 DRAGON’s MDs were calculated. After eliminating variables with
correlation coefficient (x/x) of 1.0, 1392 MDs remained.

5.2 Chemometric methods

5.2.1 Cluster analysis

These are simple data mining techniques that seek to explore the ‘‘natural’’ relationship
that exists among objects (or variables) and allocate to the same classes the similar ones,
on the basis of predefined similarity (or dissimilarity) measures [33–36]. Critics of
clustering algorithms argue that one of the most important weaknesses of these algorithms
is that they will always attempt to find clusters in any data, even where clusters do not
naturally exist [37,38].

Bearing this flaw in mind, we first performed hierarchical agglomerative clustering
using Ward’s method (hierarchical analogue of k-means) and the squared Euclidean
distance as amalgamation rule and proximity function, respectively, to have preliminary
insight of the possible ‘‘optimum’’ number of subsets contained in the examined data, to
serve as guide in determining the k-value to use k-Means Cluster Analysis. For cluster
analysis STATISTICA software was employed.

5.2.2 Multiple linear regression and genetic algorithm

An indispensable tool in the building of QSAR models is the set of independent numerical
quantifiers (variables) of the molecular structure. From this set of variables, subsets that
best describe (fit) the experimentally measured molecular parameters are selected,
following defined optimization functions. In this study, our aim is to evaluate the
predictive capacity of the GT-STAF indices of the 1-octanol/water partition coefficient
(logP) and rate constant (logK; for nucleophilic addition of a thiol group to the exo-cyclic
double bond) of the 34 2-furylethylene derivatives.

The values of these compounds have been experimentally determined and reported in
the literature [39,40]. In this report, we use Multiple Linear Regression analysis coupled
with the Genetic Algorithm (MLR-GA), using MobyDigs software (version 1.0 – 2004)
[41]. Applications of GA in computational chemistry have demonstrated its efficiency in
global optimization. As may have been noted, computations with the GT-STAF software
yield high MD dimensional space, justifying the need for data reduction. Accordingly, the
MobyDigs GA operator, tabu, was used as the strategy to exclude variables with a high
correlation coefficients (x/x). The MDs with zero variance were also eliminated.
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The population size was set at 100 and the reproduction/mutation trade-off (T) at 0.70.

For each event, the best seven, six and five variable models for the physicochemical
properties logP and logK were constructed, using as objective function (optimization

function) the statistical parameter Q2
loo (‘‘leave one out’’ cross-validation). Later, the best

variables, for each event and property, were grouped together into a single set and seven,

six, five, four, three and two variable models developed (variables used to obtain final
models for logP and logK available as supporting information (Excel data spread sheet

SI5, available via the Supplementary Content tab on the article’s online page). A similar

procedure was also carried out for DRAGON’s MDs. The peculiarity of the GA is that for
every exploration, a population of models is obtained, instead of producing a single model,

as most statistical methods. From the population of generated models, the ‘‘best’’ 10 in
each case were retained for validation using the techniques ‘‘bootstrapping’’ (Q2

boot) and

‘‘scrambling’’ (a (R2), a (Q2)). The former evaluates the predictive power of the developed
models, while the latter checks the risk of fortuitous correlations (i.e. random correlations

between the independent and response variables), a factual possibility when too many
variables are screened relative to the number of available observations [41,42]. In addition,

Fisher-ratio’s p-level (p (F)) and the standard deviation (SECV) were taken into account.
Thus, using a multi-criteria perspective, the best model for each case was selected.

6. Results and discussion

6.1 Cluster analysis

In this report, a huge volume of MDs is proposed. There is evidently a need for sorting
such high-dimensional data into logical and easy-to-work with structures, without loss of

vital information. However, a logical question arises: to what extent are variables in a data
dissimilar (or similar) to each other in terms of the information that they codify? To

respond to this interrogative, cluster analysis techniques are performed.
Figure 4 is a dendrogram for agglomerative hierarchical cluster analysis using Ward’s

method. As can be seen, the dendrogram shows a clear and consistent tree structure. From

a cut-off agglomerative distance of 2250 (27% of maximum distance), eight clusters are

obtained and k-means cluster analysis is performed with the same number of clusters.
The loadings for each cluster (C) are available as supporting information (Excel data

spread sheet SI6, available via the Supplementary Content tab on the article’s online page).

The C-3 seems to be particularly important for the terminal paths-based IFIs as they
possess remarkable representativity. Fingerprint-based IFIs (i.e. E-state, substructure and

MACC) IFIs are strongly grouped in C-4, constituting 88% of the members in the 10-class
cluster, which suggests the existence of a close relationship in terms of the information

captured by these events. On the other hand, C-5 seems to be important for graph-
theoretic events as CS, S, VP and Q-based IFIs are the key contributors to the cluster

members, representing 86% of the members in the 8-class cluster. This is a logical result,
since these events use the atom–atom connectivity perspective as the starting point, despite

the differences in the posterior treatment of molecular graphs. AMR-based IFIs are highly
loaded in C-7, suggesting that this event captures structural information not adequately

represented by other event-based IFIs. It is worth noting that, although there is no

dominance of a particular event in C-1, the majority of the IFIs grouped in this cluster
(80% of the IFIs) use the invariant Kurtosis as the global characterizing parameter,
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corroborating the results obtained in a previous report that suggested that this invariant

captures structural information not captured by the rest of the invariants.

6.1.1 Information–theoretic cluster evaluation and interpretation

The use of Shannon’s entropy in the evaluation of the goodness of the obtained clusters

has been previously proposed by several authors [37,43], following this procedure. Given

cluster c with objects (or variables) n, distributed in classes s1 . . .. sm, according to a

determined criterion of similarity, where m is the number of classes, it follows that ps is the

probability that a randomly chosen object i belongs to class s. Thus a probability

distribution function (pdf) is constructed. From this pdf, the entropy of each cluster is

calculated, using Equation (11):

�I ¼ �
Xm
1¼1

ps� log2 ps ð11Þ

Zero-entropy values represent perfect clustering, in the sense that each cluster

comprises elements that naturally belong together, while maximum entropy is obtained

when these elements are evenly distributed over all the clusters. Bearing in mind the

difference in cluster sizes, the cluster entropies were normalized with respect to the

maximum cluster entropy to guarantee plausible comparability. Table 5 shows the cluster

entropy values and their corresponding normalized entropy values (wSE).
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Figure 4. Dendogram for agglomerative hierarchical cluster analysis using Ward’s method.
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As can be observed, the best approximation to desirable clustering is exhibited by C-4
(0.197), which is important for terminal paths-based IFIs; followed by C-4 (0.281) and C-5
(0.338), with high representativity for fingerprint-based IFIs (ES, SS and MACC) and
graph theoretic-based IFIs (CS, S, VP and Q), respectively.

Up to this point we have discussed intra-cluster diversity analysis. This approach,
however, serves only for cluster evaluation, i.e. it simply gives criterion about the degree of
uniformity of data in a cluster, and therefore does not respond to interrogatives about the
degree of representativity of a particular class of objects (or variables) in a set of
clusters (k).

Accordingly, a formalism to evaluate the fidelity (or the promiscuity) of a particular
class objects (or variables) in a set of clusters is introduced. Given a set of n elements
grouped in classes c1 . . . cm, formed on the basis of a pre-defined criteria of similarity, for
example: dimensional (in the case of MDs), pharmacological/toxicological action (in the
case of molecular structures) etc, and distributed among a set of clusters
S¼ {s1, s2, . . . ,sn�1, sl} using hierarchical or non-hierarchical amalgamation methods, it
follows that sp(ci), is the probability that a randomly selected element i belongs to class c of
cluster s. Thus for each class ci, a pdf with respect to the set of cluster {s1p(ci),

s2p(ci),
s3p(ci) . . . slp(ci)} is created. Likewise, from this pdf, the entropy of each class is calculated,
using Equation (11). In an ideal case, cases (or variables) belonging to the same pre-
determined class will have zero-entropy values as they will be loaded in the same cluster,
while the promiscuous ones will have maximum entropy as they will be equally distributed
in all the clusters.

In this report, diverse events-based criteria are used to derive IFIs. Each of these events
thus led to a ‘‘family’’ of IFIs. In this sense, we would like to discover the extent of
similarity, or dissimilarity (as a non-linear parameter of independence) of each of these
approaches, and also to have a wider understanding of the possible similarities that may
exist among the proposed events. Using the formalism proposed in the previous
paragraph, entropy for each of the events is calculated. Table 6 shows the resulting
entropy values for the eleven events used to derive the novel IFIs. In this case, since for
each the events 84 MDs were calculated, the normalization procedure was not necessary.

It is clear that IFIs derived from the E-state event present the highest tendency to
assemble in a particular (or a reduced number of) cluster(s). The apparent displacement of
the terminal paths-based IFIs from the first position (first study) to a competitive third
position suggests that despite possessing the best approximation to ‘‘ideal’’ clustering
(C-3), these IFIs are more dispersed in other clusters than ES and SS events-based IFIs
(predominantly grouped in C-4). In general terms, fingerprint-based IFIs tend to clump
together in a reduced number of clusters compared with graph-theoretic and magnitude-
based IFIs, respectively. This finding seem to indicate that fingerprint-based IFIs, as
broader family of IFIs, depict a certain degree of similarity and could possibly codify
structural information neither codified by graph-theoretic nor magnitude-based IFIs.

Table 5. Shannon’s entropy for clusters C-1 to C-8.

Clusters C-3 C-4 C-5 C-8 C-6 C-2 C-7 C-1

SE 1.219 2.171 2.518 1.887 2.861 3.262 3.035 2.939
wSE 0.197 0.281 0.338 0.371 0.401 0.448 0.463 0.641
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The high level of dispersion of the AMR and AlogP-based IFIs among the set of clusters
could carry different interpretations depending on the underlying interest: (1) these events
codify information contained in most of the other events; and (2) data obtained from these
event does not possess a well-defined structure.

6.2 QSPR/QSAR modelling

6.2.1 In-house comparative analysis of the IFIs

Here, the primary aim is to compare the performance of the proposed IFIs, from an event-
based point of view, in the modelling of the physicochemical properties logP and logK.

6.2.1.1 log P (1 – octanol/water partition coefficient). Figure 5 is a plot of the statistical
parameter, Q2

loo for 7, 6 and 5-variable models obtained for the physicochemical property
logP (a table showing all statistical parameters for the best seven, six and five variable
models for each event is available as supporting information SI7, available via the
Supplementary Content tab on the article’s online page). As can be seen, the best models
are obtained with the substructure-based IFIs, depicting with even fewer variable models
comparable to superior behaviour with respect to the rest of the events. On the other hand,
graph-theoretic-based events, as a super-family, yield better regression models than
fingerprint and magnitude-based IFIs. This comportment is consistent with results of
comprehensive studies, reported by various authors in the literature, which infer better
predictive power to the substructure (fragmental) approach in the prediction of logP of
molecular structures in comparison with atom-centred (ALOGP) and topological
approaches. In a number of studies [44–47], comparisons with different datasets of
drugs and simple organics reveal that fragmental methods correlate more favourably with
experimental logP than atom-based and whole molecule approaches. Similarly, Ghose
et al. [48] report marginal superiority of CLOGP (substructure approach) over ALOG P
(atom-centred approach). Later on, in a comparative study between the ACD/logP
(fragmental) and topological (2D) descriptor approaches, Petrauskas and Kolovanonv [49]
observe better performance with the former. In the definition of SS-based IFIs,

Table 6. Shannon’s entropy for each event.

Event SE Max. SEa % of Max. SE

E-state fingerprints 0.833 2.998 27.785
Substructure fingerprints 1.282 2.998 42.762
Terminal paths 1.553 2.998 51.801
MACC fingerprints 1.615 2.998 53.869
Walks of length K 1.943 2.998 64.810
Quantum 2.074 2.998 69.179
Sach’s subgraphs 2.082 2.998 69.446
Connected subgraphs 2.132 2.998 71.114
Vertex path incidence 2.155 2.998 71.881
AMR 2.231 2.998 74.416
ALogP 2.299 2.998 76.684

aMax SE is the maximum entropy for 8 clusters with 84 elements
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predetermined values (fragment constants) are not assigned to the group contributions
towards the global molecular logP present in a molecular graph. Instead, Boolean
codifications of vertices that contribute to the activated fragment(s) are used. Nonetheless
similar behaviour with results reported in the literature substantiates the GT-STAF
mathematical approach, as a promising tool in the prediction of physicochemical
properties, and it could be inferred that the SS-based IFIs ‘‘latently’’ codify structural
electronic and hydrophobic interactions, in addition to atomic connectivity features. In
addition, all classical procedures used to theoretically determine the molecular hydro-
phobicity from structural sub-unit contributions follow the use of linear combinations of
the fragments (or atoms). It is, however, evident that molecular structures are not
necessarily collections of substructures, and in an attempt to counter the error inherent to
this assumption, correction factors are used. It is intuitive that these correction rules are
not the perfect fix to the assumption of linearity, since they are not applicable to the entire
molecular space. In the definition of the GT-STAF IFIs, a series of the so-called invariants
which are alternative mathematical and graph-theoretic operators that characterize global
molecular features from substructure (fragments, atoms) contributions are used, yielding a
wider ‘‘span’’ of the global structural space (detailed explanation of the invariants given in
supporting information SI1, available via the Supplementary Content tab on the article’s
online page). Furthermore, in a previous report [7] it was demonstrated, using the
GT-STAF approach, that the operational rule ‘‘sum of parts, makes the total’’ is not
necessarily the function that best characterizes the logP of molecules.

6.2.1.2 logK (rate constant). As can be observed in Figure (6), there is no marked
difference in the seven-variable models, that is, they generally demonstrate comparable
behaviour in all the events. Six and five-variable models, on the other hand, show

Figure 5. Q2
loo values for logP models obtained for each family of event-based IFIs.

SAR and QSAR in Environmental Research 2325



pronounced differences, with the latter in greater magnitude. A table of all statistical
parameters for the best seven, six and five-variable models for each event is available as
supplementary information (SI6), available via the Supplementary Content tab on the
article’s online page).

Fingerprint-based IFIs yield superior correlation coefficients than the rest of the
approaches. On the other hand, the correlation coefficients obtained for magnitude (atom-
centred) and graph-theoretic IFIs are comparable, with exception of the vertex-path-based
IFIs which produce noticeably lower Q2

loo values. It is interesting to note that the best
correlation coefficients for logK are obtained with the ES-based IFIs. This is a logical
result, taking into account that nucleophilic addition of a thiol group to the exo-cyclic
double bond is primarily dependent on ability of the latter to accommodate the high
electron density due to the � electrons and its accessibility, aspects adequately
characterized by ES subgraphs.

It is worth noting that although k-means clustering is carried out with IFIs
calculated over a different database (see Section 4.1.1), the results obtained with QSPR
modelling of the physicochemical properties of furylethylenes uphold the outcomes
observed using the information-theoretic-based evaluation and interpretation of cluster
patterns, in that events with the lowest entropic values (i.e. ES and SS fingerprints) as the
desired attribute give the best correlations with the physicochemical properties logK and
logP, respectively, followed by graph-theoretic and magnitude-based (atom-centred)
events.

6.2.2 Comparison with DRAGON molecular descriptors

The rise in the number of theoretical MDs schemes has been paralleled with the
implementation of corresponding software to enable their computation. Of all these
software options, in our opinion the most comprehensive collection of MDs, in terms of

Figure 6. Q2
loo values for logK models obtained for each family of event-based IFIs.

24 S.J. Barigye et al.26



number and diversity, is availed by the DRAGON software. We considered it informative
to compare the GT-STAF formalism with DRAGON’s MDs, in order to have a
preliminary notion of the ‘‘position’’ occupied by these novel MDs. For this section, the
final models were obtained from a set constituting the best variables in each of the events.
Tables 7 and 8 show the equations and the corresponding statistical parameters of the best
models for seven, six, five, four, three and two variables for GT-STAF IFIs and
DRAGONs MDs as a whole. Complete description of the nomenclature adopted for the
GT-STAF IFIs is available as supporting information, SI8, available via the
Supplementary Content tab on the article’s online page.

As can be seen, the GT-STAF approach yields statistically significant models for the
two physicochemical properties logP and logK, with (almost entirely) comparable to
better statistics than those obtained with the entire set of DRAGON MDs. Marginally
better performance with DRAGON’s MDs is only observed in the two-variable model for
logP (see Equation 23) comprising the MDs MLOP (Moriguchi octanol-water partition
coefficient) and MATS4v (Moran autocorrelation - lag 4/weighted by atomic van der
Waals volumes). From an empirical perspective, MLOP is in fact an algorithm rather than
a simple variable, since it is a regression model comprised of 13 structural parameters
(MDs) [50]. Note that participation of MLOG P in the best subsets is limited to only up to
three variable models because it does not combine suitably with other DRAGON MDs.
It is interesting to highlight that in both the GT-STAF and DRAGON models for logK,
there is prevalence of variables that codify (or include in the case of the former)
information about the presence of unsaturated bonds and heteroatoms in the furylethylene
molecules, with the GT-STAF approach yielding superior correlation coefficients in all the
cases. This is a logical result, since these functional groups are critical in determining the
rate constant of the furylethylene molecules.

Generally, the use of variables from different events gives models with better statistical
parameters for both properties in various cases with fewer variables than in event-wise
modeling, though there a few models, especially for six and seven variables, in which
the statistics obtained with variables using specific events are not improved
(see Equations 12, 13 and 25).

The results obtained in this QSPR study suggest that the GT-STAF approach could be
a useful tool in the modelling and prediction of physicochemical, chemical and biological
properties of molecular structures. As a concluding remark for this sub-section, we point
out that the GT-STAF approach is persuasive as a valuable tool for the calculation of both
properties. Moreover, the versatility of the GT-STAF approach, through the use of
different events is demonstrated.

7. Conclusions

The aim of this research work was to explore diverse graph-theoretic, physicochemical and
chemical approaches that could be applied in the construction of the generalized incidence
and relations frequency matrices, Q and F, respectively. Previously defined Shannon’s,
mutual, conditional and joint entropy-based IFIs were then calculated on these
‘‘extended’’ F matrices, incorporating new insights in the definition of the GT-STAF
IFIs. Information-theoretic cluster analysis suggests that the GT-STAF methodology
permits to codify dissimilar chemical information of molecular structures. Moreover, the
GT-STAF approach demonstrates satisfactory modelling capability, providing ground to
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recommend this approach as a tool to consider in QSAR/QSPR modelling, diversity
analysis and other chemoinformatic tasks.
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