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Abstract

A sequence of weighted linear least squares problems arises from
interior-point methods for linear programming where the changes from
one problem to the next are the weights and the right hand side. One
approach for solving such a weighted linear least squares problem is to
apply a preconditioned conjugate gradient method to the normal equa-
tions where the preconditioner is based on a low-rank correction to the
Cholesky factorization of a previous coefficient matrix. In this paper,
we establish theoretical results for such preconditioners that provide
guidelines for the construction of preconditioners of this kind. We also
present preliminary numerical experiments to validate our theoretical
results and to demonstrate the effectiveness of this approach.
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1 Introduction

This paper concerns solving linear systems of equations arising from interior-
point algorithms for linear programming by preconditioned conjugate gra-
dient methods combined with a direct method. The central issue is to study
the theoretical properties of a particular class of preconditioners.

1.1 Interior-Point Methods for Linear Programming

Consider the standard form primal linear program

minimize la
subject to: Az =1b
x>0
and its dual program
maximize bly
subject to: ATy+z=¢
z>0

where A € R™*™ (m < n), b € R™ and ¢ € R". For convenience, we will
assume that A has full rank m.

The optimality (Karush-Kuhn-Tucker or KKT) conditions for the above
linear program pair can be written as a linear-quadratic system of equations
plus nonnegativity constraints,

Ax —b
Fla,y,z) = ATy‘|'Z_C =0, (z,2)>0,
XZe

where X = diag(z), Z = diag(z) and e is the vector of all ones in R".

We will mainly consider primal-dual interior-point algorithms that have
proven to be the most efficient for linear programming, although the results
in this paper can be applied to primal or dual interior-point algorithms
as well. The basic framework of primal-dual interior-point methods can
be viewed as applying Newton’s method to the so-called perturbed KKT
conditions

Ax —b
Fﬂ(xvyvz): ATy—I_Z_C =0, ($72)>07 (1)
XZe — pe



for a sequence of positive u values that decreases to zero, while keeping x
and z positive. The parameter u is called the centering (or barrier) param-
eter, and the set of triples (z,y, z) that satisfy (1) for all g > 0 is called the
(primal-dual) central path. References on primal-dual interior-point meth-
ods include [14, 6, 19], for example.

At a given iterate (2, y, z), where z, z > 0, and for a fixed value of y, the
linear equation that defines a Newton step for (1) is

A 0 0 Ax Az —b
0 AT 1 Ay | =—| ATy+z—¢c |. (2)
Z 0 X Az XZe — e

The next iterate is obtained by the update
(2, y,2) « (2,9, 2) + a(Az, Ay, Az)

where the step length « is chosen to ensure that the new 2 and z remain
positive.

The most widely-used approach for solving (2) is to use a block Gaussian
elimination to reduce it to a smaller system

(AGAT)Ay = AG(c — ATy — uX~Le) + (b — Az) (3)

where G = Z71X is positive definite diagonal matrix. After Ay is deter-
mined from solving the above linear system, Az and Az can then be easily
computed. Hence, in this approach, the primary computation at each iter-
ation is to solve (3).

It is worth noting that whenever there holds b = A& for some Z, system
(3) can be written into

(AGAT)Ay = AGh (4)

where h = (c — ATy — uX~'e) + G~1(& — x). Evidently, (4) is the normal
equations for the weighted least squares problem

min || AT Ay — h|[Z, (5)
Ay

with the weighted norm || - ||¢ = ||G'/2(-)||2. For this reason, we can say
that the primary computation for this class of interior-point algorithms is to
solve a sequence of weighted least squares problems (5) where the weights
G and the right-hand side h vary from iteration to iteration.

In this paper, we consider solving (4) by a preconditioned conjugate
gradient method. The preconditioner is based on a low-rank correction of



a matrix AHAT where (i) H is a positive definte diagonal matrix from a
previous iteration and is not “vastly different” from G (ii) the Cholesky
factorization of AH AT is already available. We will derive bounds on the
condition number of the preconditioned coefficient matrix and provide guide-
lines for the choice of low-rank corrections. We report some preliminary
computational results to validate our theoretical results and to demonstrate
the effectiveness of the approach.

1.2 Organization and Notation

The outline of the paper is as follows: In Section 2, we introduce the con-
struction of the preconditioners based on low-rank corrections. In Section 3,
we give theoretical results to guide the choice of low-rank corrections. In
Section 4, we briefly discuss the computation involved with the precondi-
tioners. In section 5, we report preliminary numerical results.

Throughout this paper we use the following notation. The symbol min;
or max; is for all ¢ for which the argument is defined. For any matrix A, A;;
is the element in the ¢-th row and j-th column, A; is the j-th column, A4;, is
the j-th row, and nnz(A) is the number of nonzero elements in A. The vector
norm | - || is the Euclidean norm ||z||> = 272. The notation 2 > 0 (z > 0)
means that all components of the vector z are positive (nonnegative). The
symbol 0 will be used to denote the number zero, the zero vector, and the
zero matrix. The symbol [ is used to denote the (square) identity matrix; its
size will always be apparent from the context. For any square matrix X with
real eigenvalues, A;(X) are the eigenvalues of X arranged in nondecreasing
order. Amin(X) and Apax(X) denote the smallest and largest eigenvalues of
X respectively; i.e.,

Amin(X) = A (X) < A (X) <+ < A0 (X)) = Amax(X).
If X is symmetric and positive definite, then the above arrangement gives
MY = 1/ A (X). (6)

In addition, we will denote the spectral condition number of X by x(X)
where by definition

E(X) = Amax(X)/Amin(X).

The letters L and R represent lower triangular factors or unit lower
triangular factors of a symmetric, positive definite matrix. The type of
factors will always be apparent from the context.



2 Low-Rank Corrections as Preconditioners

2.1 Motivation

In most implementations of primal-dual interior-point algorithms for linear
programming, the direct method of Cholesky factorization is used to solve
the system (4). The use of iterative methods of conjugate-gradient type
have also been considered (see for example [5, 13, 15]). However, the suc-
cess of iterative methods has been, at best, very limited for interior-point
algorithms due to the difficulty in constructing general-purpose, effective
preconditioners.

It is well known that effective preconditioners are critical for accelerating
the convergence rate of conjugate-gradient type methods. In search for a
preconditioner, one has to balance two conflicting goals: (i) to minimize
the condition number of the preconditioned coefficient matrix, and (ii) to
minimize the cost of solving linear systems with the preconditioner as the
coefficient matrix. We refer the readers to the book [10] for a discussion on
the preconditioned conjugate-gradient method.

In this paper, we investigate a mixed strategy for solving linear systems of
the form (4), in which a direct method and an iterative method are combined
in some manner. Specifically, we will combine Cholesky factorization (or
LDL™) with preconditioned conjugate-gradient method. A simple, but not
necessarily effective, combination would be that the Cholesky factorization
is used at every even iteration and the preconditioned conjugate-gradient
method at every odd iteration.

Suppose that we have calculated the Cholesky factorization of AH AT at
a previous iteration and we are to solve a new linear system with coefficient
matrix AGAT where G is different but not “too far away” from H. Then
it is advantageous to utilize the existing Cholesky factorization of AH AT
in the construction of a preconditioner for the conjugate-gradient method.
Moreover, a good candidate for such a preconditioner is a low-rank correction
(update) to AHAT because of two reasons. Firstly, a good correction may
be able to at least partially account for the changes from H to G. Secondly,
given the availability of the Cholesky factors, a low-rank update will keep the
cost low for solving linear systems with the preconditioner as the coeflicient
matrix.

2.2 The Preconditioner

We now formally introduce low-rank correction preconditioners. Let G, H €
R™%" be positive definite diagonal matrices. As stated above, we already



have the Cholesky factorization of AHAT and we want to solve a linear
system with coefficient matrix AGAT. We employ a preconditioned conju-
gate gradient method with a preconditioner AK AT, where K is an n x n
positive definite diagonal matrix constructed from H and G so that the
difference between AK AT and AH AT is a low rank matrix. In this case,
the Cholesky factorization of AHAT can be effectively used to solve linear
systems with the preconditioner AK AT as the coefficient matrix. We now
give our construction of the matrix K.
For a given index set

QC{j: 1<j<nand Gj; # Hy;},

let the n x n diagonal matrices D and K be given, respectively, by

) Gy —Hy, ity eQ,
Dii = { 0, otherwise, (7)
and
K=H+D. (8)

Note that K;; = G;; if 7 € Q, otherwise K;; = H;;. Clearly, AKAT is a
symmetric positive definite matrix.

Let A € R™*9 where ¢ = |Q|, consist of all columns A; such that j € Q
and let D € R?*? be the diagonal matrix corresponding to the nonzero
diagonal elements of D. In this notation,

AKAT = A(H + D)AT = AHAT 4+ ADAT, (9)
namely, AK A" is a rank ¢-update of AHAT. In particular, if
Q={j: 1<j<nand Gj; # H;;},

then AK AT = AGAT. However, as it will become clear later, we will always
keep ¢ fairly small in our algorithms. Further, the elements in the class of
preconditioners are determined by the choice of the index set Q.

2.3 Related Work

The idea of using low-rank updates is not new. In his seminal paper on the
first polynomial-time interior-point method for linear programming, Kar-
markar [12] already proposed to use low-rank updates to decrease the theo-
retical complexity bounds. His idea has been pursued by many later papers



(for example, Goldfarb and Liu [9]) for the similar reason. Moreover, a
combination of a direct method and an iterative method was reported by
Karmarkar and Ramakrishnan [13].

A closely related recent work to this present paper is by Wang and
O’Leary [17] where the authors propose a strategy of preconditioning the
normal equation system based on low-rank corrections similar to what is
discussed in this section. In their implementation, they choose the index set
@ to consist of the indices corresponding to the largest values of |G;; — H;;|.
When selecting indices for Q, we will show that one should look at the
magnitude of Gy;/H;; instead of |Hy; — Gyl

3 Condition Number of the Preconditioned Ma-
trix

The quality of a preconditioner is measured by the condition number of
the preconditioned matrix (AK AT)"'AGAT. In this section, we will derive
lower and upper bounds for this condition number. We will argue that these
bounds, especially the upper bound, will provide useful information on how
to choose the index set Q.

3.1 An Upper Bound

The following technical lemma is needed for the proof of Theorem 3.1 which
gives bounds on the eigenvalues and the condition number of the precondi-

tioned matrix (AKAT)"1AGAT.
Lemma 3.1 Let G, H € R™"*™ be symmetric. If H is positive definite, then
Amin(H7'G) < N ((AHAT)TTAGAT) < Apax (HTYG). (10)

Moreover, (10) also holds if G is positive definite, and H and AHAT are
nonsingular,

Proof: First we note that the eigenvalues of (AHAT)"'AGAT are all real
because it is similar to the symmetric matrix

(AHAT)=Y2(AGAT)(AH AT)~V/2,
Let A= AHY? and G = H-Y2GH~Y/2, then

(AHAT)TAGAT = (AAT)"LAG AT, (11)



Let
A=vsvT =, vt (12)

be the singular value decomposition of A, where U € R™*™ and V € R"*"
are orthogonal matrices and X € R™*" is a positive definite diagonal matrix.
Let 3; € ®™*™ and V| € 8% consist of the first m columns of ¥ and V
respectively. Substituting (12) into the right hand side of (11), and noting
that V'V, = I and UTU = I gives
(AHAT)AGAT = uxThHviav (2, U7).
Therefore by similarity, /\Z’((AHAT)_lAAGAT) = N (V'GV}). Thus, there
exists a unit eigenvector y; € ™ of VlTle such that
N(AHAT)TTAGAT) = X, (VEGWY) = ! VIEGVIY: > Amin(G),

where the last inequality follows from the fact that Viy; is a unit vector in
R". Similarly, we can prove that \;((AHAT)"TAGAT) < Apax(G). Finally
we note that G is similar to H™'G.

Considering the matrix (AGAT)Y/2(AHAT)=1(AGAT)Y/2] the proof for

the second assertion follows from a similar argument. m

Theorem 3.1 Let G, H € R"*™ be positive definite diagonal matrices. For
a given Q let K be defined as in (8). The eigenvalues of (AK AT)~LAG AT
satisfy

min d 1min S22 4 < A ((AKAT) T AGAT) < max {1, max S22
JEQ Hj; 720 H]“

Moreover,

H((AKAT)_IAGAT)gmaX 1,maxﬁ / min 17min% )
JgQ M i¢Q Hj;

Proof: Since K defined by equation (8) is positive definite and diagonal,
Lemma 3.1 implies that

min {G;/Kj;} < N(AKAT)TTAGAT) < max{G;/Kj;} - (13)
J J
For j € Q then G]‘]‘/I(]‘]‘ =1, and if 7 ¢ Q then G]‘]‘/I(]‘]‘ = G]‘]‘/H]‘]‘. We

thus have
G,,
m]ax{?;;} = maX{L%ag{Gm/Hm}}

8



and

. Gjj . .
—L s = 1 G /H::} .
mjln { ij} min { 71;%13{ i/ ]J}}
Moreover, the upper bound on the condition number follows directly from

the definition of the condition number and the above eigenvalue bounds.
This completes the proof. m

Corollary 3.1 Let G, H € R"*" be positive definite and diagonal. Let v;
be the sorted elements of G;;/H;; in nondecreasing order:

min {Gj/Hjj} =7 <72 < <y = max G/ Hyj

Let ¢ = q1 + q2 and Q consist of the indices corresponding to the ¢ largest
and qy smallest diagonal elements of H='G. Then

min{yg,+1,1} < N ((AKATYTTAGAT) < max{v,_,, 1}

Moreover, if y,—q, > 1, Ygo41 < 1 and ¢ < m, then

K((AKAT) 1 AGAT) < Tnmo (14)
Ya2+1

Proof: Observe that

max {Gi/Kjj} = max {Gii/Hjj} = Yn-q,
and

gréig {Gii/ K} = ljﬁréig {Gii/Hjj} = Y441

The result follows from Theorem 3.1 and the definition of the spectral con-
dition number. m

3.2 A Lower Bound

Lemma 3.2 gives bounds on the eigenvalues of a matrix after a series of rank-
one corrections. This result will be used in the proof of Theorem 3.2 to give
bounds on the eigenvalues and the condition number of the preconditioned

matrix (AKAT)~1AGAT.

Lemma 3.2 Suppose B, = By + 2;1:1 TjCjc]«T, where ¢; € R”, 7, £ 0,
qg < m, and By € R™*™ s symmetric. Let ¢ = q1 + q2, where ¢y is the
number of indices such that 7; > 0. Then

/\min(Bq) < /\ql-l-l(BO) and /\maX(Bq) > Am—g, (Bo)-



Proof: Observe that
B]‘ = B]‘_l + T]‘Cjcf, 1<y <q.

The proof follows from Wilkinson ([18], pp. 94-97). m
Theorem 3.2 gives a lower bound on Apax((AKAT)"'AGAT) and an
upper bound on Apin((AKAT)~LAGAT).

Theorem 3.2 Let G, H € R™*" be positive definite diagonal matrices. Let
Ql=g¢=q+q <m,
where q is the number of indices in Q such that Gj; > H;;. Then
Amin(AKATYTLAGATY < A1 ((AH AT 1 AG AT)

and

Amax(AKATYTYAGAT) > Aoy (AHAT)TLAGAT).
Moreover,

Am—g, ((AHAT)"1AG AT)

s ATy—1 T > ]
K((AKAT) T AGAT) > S AT AT TAGAT)

Proof: Consider again
AKAT = AHAT + A(G — H)AT = AHAT + ADAT.

Let D; and —D; be diagonal matrices with the positive and negative diago-
nal elements of D on their diagonals, respectively. Clearly, since Q contains
no index such that G;; = Hj; Dy and Dj are positive definite matrices of
sizes ¢ X q1 and g X ¢q, respectively. Corresponding to the indices of Dy
and D, we similarly define A; and A,. Then

AKAT = AHAT + A, D, AT — A, Dy AL, (15)
Let
By = (AGATYV2AH AT (AGAT)~'/?
and
B, = (AGAT)V2AK AT (AGAT)=1/2,
We define
{(AGvAT)—1/21[11Di/2}47 j:1727“‘7‘117
Cc;, = [ J
4 [(AGAT)—U?AQD;/?L_ql L J=a Lt

10



and

= 17 j:1727“‘7f]17
T _17 j:f]1‘|‘17“‘7f]1‘|‘f]2-

71=1
From Lemma 3.2 and using (6)
1 1
Amax (BT = > = Ap—qi (BoY).
) = B F ey )
Similarly
- 1 1 -
Amin(B7 1) = = Agpr1(Bg ).

<
/\max(Bq) - /\m—q2 (BO)

The theorem follows from the similarity between the matrices Bq_1 and

(AKAT)=TAG AT, and between By' and (AHAT)"TAGAT. m

3.3 Interpretation of the Results

Theorem 3.1 implies that

R((AKATY=1 AGAT) < D521/ M) (16)
minjgo{Gj;/Hjj}

whenever the numerator is greater than or equal to one and the denominator
is less than or equal to one. Recall that {v;} are the sorted elements of
{G;;/H;;}. Combining Theorem 3.2 and Corollary 3.1 we have that if Q
consist of the indices corresponding to the ¢ largest and ¢, smallest diagonal
elements of H™'G, vu_gy > 1, 7pp41 < 1 and ¢ = ¢1 + q2 < m, then the
condition number of the preconditioned matrix (AK AT)~LAG AT satisfies

Am—gq, ((AH AT)_lAGAT) Tt T Yn—gq
< k((AK A AGA*) < 1L 17
Apt1 ((AHAT)-TAGAT) — (( ) )< Yo +1 (17)

From the above two inequalities, the following observations are now in order.

1. When selecting indices for @, one should look at the magnitude of
G/ Hy; instead of |Hy; — G| as is suggested in [17]. This is not a
surprise because |H;; — (;;| measures the absolute change while the
departure of G;;/H;; from the unity measures the relative change.

11



2. In order to reduce the upper bound, the index set Q should include,
if possible, either indices corresponding to the largest elements of
{Gi/H;;} satisfying G;;/H;; > 1, or indices corresponding to the
smallest elements of {G/;;/H;;} satisfying G;;/H;; < 1, or both.

3. One can choose Q to minimize the upper bound for a given ¢ by varying

g1 and g9 such that ¢ = ¢ +¢2. However, we note that a smaller upper
bound does not necessarily imply a smaller condition number.

4. The lower bound sets a limit on how well one can do in terms of making
the condition number small for given ¢; and ¢3. Unfortunately, the
lower bound is not as easily computable as the upper bound is.

4 Computing with the Preconditioner

We shall consider two approaches of computing (AKAT)_ld: using the Sher-
man Morrison-Woodbury formula or updating the Cholesky factor (or the
LDLT factors).

4.1 Using the Sherman-Morrison-Woodbury Formula

To simplify the notation in the rest of this section, let M = (:47KAT)_1 be
the inverse of the preconditioner. For AKAT = AHAT + ADAT (see (9))
the Sherman Morrison-Woodbury formula (see [10] pp. 50, for example)
reads

M= (AHAT) I - A(D7 '+ AT(AHAT) T A) L AT (AH AT,

Assume that we have a Cholesky factorization ATAT = LLT, and let V =
L™'A. Then

M (Lt - vt vivyTtv !

L1 -vrtvhr-t (18)

where F = D™+ VTV is ¢ X ¢ and ¢ is usually small. For an m-vector d
we have

Md = LT[~ (V(FT (V)

where r = L7!'d. Hence, in computing Md we need to store L,V, and
the factors of F'. Note that F’ is nonsingular and symmetric but may be
indefinite since D may have negative elements on its diagonal.

12



The cost of computing and using M is dominated by the number of solves
carried out. By a solve we mean either a backward or forward substitution
involving L=! or L=7. The initial cost to compute M consists of ¢ solves
to compute V = L7'A, and the cost to form and factor the ¢-by-¢ matrix
F. The computation cost of Md consists of 2 solves plus approximately
4nnz(V) + 2¢* + m floating point operations where nnz(V') is the number of
nonzero elements in V.

Numerical testing on large Netlib test problems shows that V is usually
a sparse matrix. The direct approach for computing V = L™ A is to carry
out ¢ solves with ¢ columns of A. These will be solves with very sparse
right-hand sides and will require much fewer floating point operations than
solved with dense right-hand sides that we have in computing Md.

An alternative approach can exploit even more of the sparsity structure
of A. Assume that the number of nonzero rows in A is p which is small
relative to ¢, i.e., p < ¢. Let e; be the i-th unit vector in R corresponding
to the index i of a nonzero row of A. Let E be the m x p matrix consisting
of the columns e; for all i corresponding to the nonzero rows of A. Then
ETAis a p x ¢ sub-matrix of A obtained from deleting all zero rows of A,
and L7'A = (L7'E)(ETA). Hence we only need to carry out p solves with
F and then multiply the result by ETA. Again note that the sparsity in the
right hand sides should be exploited.

4.2 Updating the Triangular Factors

The sparsity structure of AKA” is the same as that of AITAT. When
we update the triangular factors of AH AT the sparsity structure of these
factors is preserved. There are cases where it is more efficient to update the
triangular factors than using the technique in the previous subsection. That
is, given AHAT = LDLT we want to compute R and T such that

RTRY = LDLT + ADAT,

where R and L are lower triangular matrices and T and D are positive
definite diagonal matrices.

Bennett [3] presents an algorithm for updating triangular factors of a
general matrix of the form B = W + XC’YT7 when the factors of W are
given. For W and C' symmetric and X =Y, the algorithm can be simplified
and the number of floating point operations is halved. This algorithm is
stable [8] when applied to AKAT and AH AT since both are symmetric and
positive definite. Bennett’s algorithm is generalized to the sparse case by
Baryamureeba and Steihaug [2]. The sparse algorithm is developed for the

13



special class of updates where A is a sub-matrix of A. This algorithm is
given below:

Algorithm 4.1 Triangular factor update for sparse matrices

SetV=A,C=Dand R=0.

fort=1,...,mdo
if Vi #0 then
p:(‘/zoC)T
Tii=Di+ Viep
w=(1/T3) p
C« C—upt

for j=:4+1,...,mdo
if L;;# 0 then
Vie <= Vie — L;iVis
Rji=Lji+ Vjeu
end if
end for
end if

end for

The final V in Algorithm 4.1 can be shown to satisfy V = L~ A. Algo-
rithm 4.1 is very effective when there are either many zero rows in A or few
nonzero elements in the unit lower triangular factor L. It is important to
note that in Algorithm 4.1, the sparsity structure of the triangular factors
is preserved for the special case where A consists of columns from A and
D is a diagonal matrix. Since the matrices K and H are diagonal, AK AT
and AH AT have the same sparsity structure. Thus if R and L are Cholesky
factors of AK AT and AH AT respectively, then they have the same sparsity
structure. This is achieved in Algorithm 4.1 by setting R;; = 0 whenever
Lji =0.

5 Numerical Results

In this section, we report some numerical results. The purposes of the nu-
merical experiments are to validate the relevance of our theoretical results
and to determine the viability of the mixed strategy of combining Cholesky
factorization and conjugate gradient with low-rank correction precondition-
ers. Specifically, our numerical experiments are designed to address the
following issues.

14



1. We want to compare the spectral distribution of (AKAT)~'AGAT
with that of (AH AT)"'AG AT to determine the impact of the diagonal
update from H to K.

2. In our theoretical analysis, the extreme eigenvalues of K~ are used
to derive bounds on those of (AKAT)"*AGAT. We want to see how
sharp or loose the bounds are in practice to get a sense of the sharpness
of our bounds.

3. We want to compare two techniques for selecting the index set Q: the
one based on G — H proposed in [17] and the one based on H'G
proposed in this paper.

4. We want to compare numerical performance of two approaches: (i)
using a mixture of a direct method and an iterative method, and (ii)
using a direct method only.

We emphasize that the numerical results in this paper are preliminary and
should be considered to be diagnostic and qualitative.

5.1 Implementation Details

We have implemented a primal-dual Newton algorithm (PDN), where the
Cholesky factorization is used at all iterations, and variants of the mixed-
strategy primal-dual Newton algorithm, where Cholesky factorization and
preconditioned conjugate gradient method are used alternatively at the even
and odd iterations. This is a simple strategy and more sophisticated strate-
gies are discussed in [17]. The implementation was done in Matlab.

We choose a starting point (zo, yo, 20) that is identical to the one given by
Mehrotra [15]. We terminate the interior-point iterations when the relative
error €, as defined in (19) below, is less than or equal to the prescribed
tolerance €* = 107°, or when we exceed the maximum number of interior-
point iterations which is set to 300 in our experiments. The relative error is

defined as

JAz bl ATy el |cTe Ty
€ = max , , . (19)
max{L,[|]l}" max{L,|lc[} "max{L, [c"z[}

At each iteration, to compute the step (Az, Ay, Az) through (2) we set
the barrier parameter y = o(z72)/n for ¢ = 0.1. The step length « is
chosen as a parameter 7 € (0, 1) times the step length to the boundary of
the nonnegative orthant for 7 = 0.99995.

15
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Figure 1: The matrices are extracted at an interior-point iteration in the
middle stage for test problem blend. We set ¢ = 30 and choose Q to consist
of indices corresponding to the 20 largest and 10 smallest diagonal elements

of H~1G.

We used the Matlab function symmmd to compute the symmetric multiple
minimum degree ordering for matrix AH AT and the sparse Cholesky solver
chol. The iterative method is the preconditioned conjugate gradient method
for least squares (PCGLS) [4]. The termination criteria in the PCGLS
routine are when either the number of PCGLS iterations has reached a
prescribed integer ¢ or when ||v]| < 107° where v = AGAT Ay — AGh is the
residual.

The test problems used in our experiments are all from the Netlib set of
linear programs [7]. All the numerical experiments are performed on a Sun
Ultra 10 Workstation.
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Figure 2: The matrices are extracted at an interior-point iteration in the
last stage for test problem blend. We set ¢ = 40 and choose Q to consist of
indices corresponding to the 20 largest and 20 smallest diagonal elements of

H-G.

5.2 How Good Are the Corrections and Bounds?

In Figures 1 and 2, we give some examples that demonstrate the effectiveness
of the low-rank correction preconditioners for the weighted least squares
problems and the sharpness of the bounds based on H~!'(i. The results
are generated from one of the Netlib test problem blend at a particular
interior-point iteration.

The results in Figures 1 and 2 verify Lemma 3.1 and Corollary 3.1. We
observe that the matrix (AKAT)~"'AG AT has more eigenvalues near 1 than
(AHAT)=LAGAT. The spectrum of (AKAT)"'AG AT is contained in that
of K~!'G and is considerably narrower than that of (AHAT)"'AG AT which
is contained in that of H™'G. Clearly, (AKAT)"'AGAT has a smaller
condition number than (AHAT)"'AGAT. The bound on this condition
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number depends on the choice of the index set Q as seen in (17).

5.3 How Should the Index Set Be Selected?

We compare two techniques for selecting the index set for the low-rank
update. The first technique is based on choosing the indices corresponding
to the largest diagonal elements of |G — H], as discussed in [17]. The second
technique is based on choosing indices corresponding to the smallest and the
largest diagonal elements of H~!(7 as proposed in this paper. We present an
example based on the Netlib problem sc205 and mention that the observed
behavior seems to be typical out of many similar experiments we conducted
on different test problems.

From the graph on the left of Figure 5.3, we see that using the choice in
[17] to construct the preconditioner, the preconditioned conjugate gradient
method requires considerably more iterations to achieve the prescribed accu-
racy than using our choice. This is well explained by the two bar graphs on
the right where we see that the spectrum of the preconditioned matrix corre-
sponding to Mj (based on H~'(¥) is more clustered than that corresponding
to M; (based on |G — H|).

5.4 How Does the Mixed Strategy Perform?

In Table 1, we compare the performance of the standard primal-dual New-
ton (PDN) algorithm with three variants of the mixed primal-dual Newton
(Mixed PDN) algorithm: Mixed PDN', i = 1,2,3. When ¢ > 0.1 we set
t =7, ¢ =6 for Mixed PDN!; ¢t = 5, ¢ = 20 for Mixed PDN?; and ¢ = 5,
q = 40 for Mixed PDN?; where ¢ is the maximum number of PCGLS itera-
tions allowed. When € < 0.1 we set £ = 40 for all three with their ¢ values
unchanged.

Problem PDN Mixed PDN' | Mixed PDN? | Mixed PDN?
name iter | time | iter time iter time iter time

czprob 56 | 89.01 | 59 59.43 57 56.47 55 55.30
d2q06¢ 54 | 544.85 | 61 | 432.95 | 61 | 387.23 | 58 | 395.09
d6cube 42 | 317.58 | 47 | 230.59 | 45 | 221.98 | 46 | 230.57
stocfor2 | 41 | 113.26 | 43 92.20 42 87.56 46 99.35
scsd8 16 | 21.41 | 20 16.62 18 15.34 19 17.86

Table 1: Comparison of four algorithms. The preconditioner M used is given

by (18).
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Figure 3: For preconditioner M; = AV AT, we choose indices corresponding
to 20 largest diagonal elements of |G — H|. For preconditioner My = AK AT,
we choose indices corresponding to 10 largest and 10 smallest diagonal ele-
ments of H~1G at that same iteration. The test problem is obtained at an

interior point iteration in the middle stage for test problem sc205 from the
Netlib.

Recall that the termination criteria in PCGLS routine are when either
the number of PCGLS iterations has reached a prescribed integer ¢ or when
|lv]| < 107% where v = AGAT Ay — AGh.

When ¢ > 0.1, in most cases PCGLS iterations are terminated by the
number of iterations reaching ¢. On the other hand, when ¢ < 0.1 PCGLS
iterations are terminated by the error tolerance. We have set the maximum
number of PCGLS iterations per step to 40. For some of the large problems
the number of PCGLS iterations per step may reach 40 for small values of
¢. Numerical experiments show that we do not necessarily need an accurate
PCGLS step when ¢ > 0.1. The results in Table 1 show that by carefully

19



choosing ¢ and ¢ we can keep the number of interior-point iterations (iter) for
mixed PDN algorithms close to that of PDN algorithm, and yet still obtain
better CPU time with mixed PDN methods (time). When we increase ¢ we
can decrease t and vice versa to reduce the cost.

At present, the most practically efficient interior-point algorithmic frame-
work for linear programming is the predictor-corrector algorithm of Mehro-
tra [16], along with Gondzio’s multiple corrections [11]. See also [1]. Our
comparison is done with the less efficient, but easier to implement, primal-
dual Newton algorithm. Nevertheless, we believe that the above test results
show that the mixed PDN approach is promising.

There are many possibilities for improving the efficiency of the mixed
PDN approach. Obviously, the even-odd alternation is not generally opti-
mal. Dynamic schemes of alternation based on easily computable bounds
on condition numbers should be investigated. In addition, a mixture of the
PCGLS steps with the predictor-corrector steps may also be beneficial.

6 Final Remarks

Our preliminary numerical results indicate that the theoretical bounds on
the spectrum of the preconditoned matrix obtained in this paper are quite
satisfactory. We believe that they also strongly support the principle of
selecting the index set Q based on the magnitude of H~'G. Moreover,
the numerical results demonstrate that the strategy of mixing direct and
iterative methods is promising and merits further study.
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